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Abstract. The paper studies the joint distribution of frequencies of overlapping words in a
Markov sequence. Usually characteristics of this distribution are expressed in terms of a so-called
pattern correlation matrix. A more direct approach allows for explicit formulas which involve the
fundamental matrix of the Markov chain whose states are words of a given length. These formulas
lead to the probability generating function of the asymptotic joint distribution of pattern frequencies
corresponding to a new multivariate discrete distribution.
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1. Introduction. Consider a random text formed by realizations of letters cho-
sen from a finite alphabet. For a given set of patterns (or words) it is of interest to
determine the probability of the prescribed number of their occurrences in the text.
This problem appears in different areas of information theory (source coding, random-
ness testing) and in molecular biology (DNA analysis, gene recognition). Chapter 7
of [18] reviews some information-theoretic aspects. Applications of occurrence counts
distributions in DNA analysis are discussed at an elementary level in [13]. Under an
independence assumption, the formulas for such probabilities depend on the so-called
correlation polynomial introduced by Guibas and Odlyzko [9].

In section 2 we discuss the pattern correlation matrix definition for a regular
Markov chain and look at its relationship to the fundamental matrix of the Markov
chain whose states are the patterns of the given length. The form of the probability
generating function of word frequencies is derived. It leads to the asymptotic dis-
tribution of these frequencies which is shown to be a special multivariate compound
Poisson law in section 3. That law, the multivariate Pòlya–Aeppli distribution, is
discussed in section 4. The concluding section 5 contains some examples.

The mentioned asymptotic distribution is derived under the assumption that the
pattern length m as well as the order of the Markov chain increase to infinity. A
similar condition has been used in [19], [20], [8], and [3].

2. Pattern correlation matrices. Let a random text Xn = (ε1, . . . , εn) be
formed by a stationary series of discrete random variables εk taking possible values in
the alphabet Q = {1, . . . , q} for some positive integer q ≥ 2. We start with a Markov
chain of fixed order m,m ≥ 1. Many statistical procedures designed to analyze
such a series are based on the observed counts of overlapping m-patterns (words or
templates), like ım = (i1 . . . im).
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Denote the set of all these patterns (of cardinality qm) by Qm. It will be assumed
that for ı = ım ∈ Qm, the probabilities P (ı) = P((ε1, . . . , εm) = (i1 . . . im)) are pos-
itive. Let P (jk+1 · · · jm|ı) = P (ıjk+1 . . . jm)/P (ı) denote the conditional probability
of the word jk+1 . . . jm, k = 1, . . . ,m, preceded by the pattern ı. Also denote by I

the identity matrix, by e the qm-dimensional vector with all coordinates equal to one,
by p the qm-dimensional vector with coordinates P (ı), ı ∈ Qm, and let the qm× qm

matrix P = Pm be formed by the entries

(1) Pıj = δ(i2...im),(j1...jm−1)P (εn+m = jm | εn = i1, . . . , εn+m−1 = im).

Here and below δ�,κ =
∏K

k=1 δlkκk
is the Kronecker symbol for two K-indices � =

(�1, . . . , �K) and κ = (κ1, . . . , κK).
The pattern correlation matrix C(z) can be defined for all complex z, for which

[I− z(P− epT )]−1 exists:

C(z) = [I− z(P− epT )]−1 + (z + · · ·+ zm−1)epT

=

[
I− zP+

zm

1 + · · ·+ zm−1
epT

]−1

.(2)

This matrix has been used in [18] for Bernoulli random sequences. It leads to the form
of generating functions for the probabilities of joint pattern occurrences in a random
text [16], [17].

The pattern correlation polynomial, Cıj(z), was introduced for words ı = (i1 . . . im)
and j = (j1 . . . jm) in [9] as

(3) Cıj(z) =

m−1∑
r=0

δ(ir+1...im),(j1...jm−r)P (jm−r+1 . . . jm | ı)zr.

With C(z) denoting the matrix formed by the pattern correlation polynomials
Cıj(z), one gets for 0 ≤ z < 1 the following formula for the pattern correlation
matrix,

C(z) = C(z) +

∞∑
k=m

zk[P− epT ]k = [I− zP]−1 − zm

1− z
epT ,

as PT p = p, and Pe = e. Notice that C(z) = C(z) in the case of independent and
identically distributed variables. In this situation all eigenvalues of P are 1 (with
multiplicity one) or 0 (with multiplicity qm − 1), so that C(z) is defined for all z.
According to the definition,

C(1) =

[
I− P+

1

m
epT

]−1

.

While the pattern correlation polynomials Cıj(z) suffice for the pattern analy-
sis for independent and identically distributed random variables, the general case of
Markov dependence demands the pattern correlation matrix. Indeed the matrix C(1)
plays a crucial role in the Markov process Yn of order one, whose states are words of
length m, i.e., Yn = ı if (εn, . . . , εn+m−1) = (i1 . . . im). For this process the transition
probabilities have the form (1). We assume that the transition matrix P has a unique
eigenvalue of modulus 1, so that the chain is ergodic or regular. This condition holds
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if all probabilities P (ım+1) are positive, and then ρ(P− epT ) < 1 with ρ(A) denoting
the spectral radius of a matrix A. The frequency, ωı = ωı(n), of the pattern ı in the
original sequence equals the number of occurrences of the state ı for the process Yn.

It is well known that the asymptotic joint distribution of these frequencies is
normal. For our matrix P, the probability vector of the stationary distribution is p,
i.e., is formed by coordinates P (ı) = P (ε1 = i1, . . . , εm = im). The fundamental
matrix Z of the Markov chain Yn is defined by the formula, Z = (I − P + epT )−1. It
admits a simple expression through C(1),

(4) Z = C(1)− (m− 1)epT .

An important property of the fundamental matrix is that it determines the limiting
covariance matrix of the frequencies distribution. According to Theorem 4.6.1 in [10]
when m is fixed, the limiting covariance matrix Σ = limn→∞ n−1 cov (ωı, ωj) is formed
by the elements

(5) σıj = −δıjP (ı)− P (ı)P (j) + P (ı)Zıj + P (j)Zjı.

Because of (4), Σ can be written as

Σ = −D− (2m− 1)ppT + DC(1) + C(1)TD,

where D = diag(p) is a diagonal matrix.
Thus the limiting covariance matrix of the joint distribution of empirical frequen-

cies of all m-patterns in a random, order m Markov text admits a simple expression
through the pattern correlation matrix C.

3. Probability generating functions of frequencies and their asymptotic
behavior. We start with the following result which gives a convenient representation
of the probability generating function of frequencies ωı(n), ı ∈ Qm.

Lemma 1. Let Xn = (ε1, . . . , εn) be a Markov chain of order m with ωı(n),
ı ∈ Qm, denoting the frequencies of overlapping m-words,

∑
ı ωı = n − m + 1 = N .

The joint probability generating function of these frequencies has the form

E
∏
ı

uωı
ı = 1 +N

∑
�

(u� − 1)P (�)

+

N−1∑
s=1

∑
�0,...,�s

s∏
k=0

(u�k − 1)P (�0)(e�0 ⊗ · · · ⊗ e�s−1)
T

×TN (s)(e�1 ⊗ · · · ⊗ e�s),(6)

where the sum with regard to �0, . . . , �s is taken over the set Qm(s+1), e� denotes the
�th basis vector, � ∈ Qm, and

(7) TN (s) =
∑

i1,...,is�1

i1+···+is�N

(N − i1 − · · · − is)P
i1 ⊗ · · · ⊗ Pis ,

with the matrix P defined in (1), and P1 ⊗ P2 denoting the tensor product of the
matrices (or vectors) P1 and P2.

Proof. To derive this representation, we use a known formula for generating
functions of frequencies in Markov chains (see [6, p. 41]), according to which, with U

denoting the diagonal matrix formed by elements uı, ı ∈ Qm,

(8) MN (U) = E
∏
ı

uωı
ı = pTU(PU)N−1e.
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One has with P̃ = P(U− I),

(PU)N−1 = (P+ P̃)N−1 =

N−1∑
s=0

∑
i1,...,is+1�0

i1+···+is+1=N−1−s

Pi1 P̃ · · · P̃Pis+1 ,

so that the terms in the sum over i1, . . . , is+1 have the matrix P̃ entering exactly s

times. Therefore, as Pis+1e = e, and P̃e =
∑

�(u� − 1)Pe�,

(PU)N−1e =

N−1∑
s=0

∑
i1,...,is�0

i1+···+is�N−1−s

Pi1 P̃ · · · P̃Pis P̃e

= e+
∑
�

(u� − 1)

N−1∑
s=1

∑
i1,...,is�0

i1+···+is�N−1−s

Pi1 P̃ · · · P̃Pis+1e�.

Since pTPi1 P̃ = pT P̃ = pT (U− I),

pT (PU)N−1e = 1 + (N − 1)
∑
�

(u� − 1)pT e�

+
∑
�

(u� − 1)

N−1∑
s=2

∑
i2,...,is�0

i2+···+is�N−1−s

(N − s− i2 − · · · − is) p
T P̃Pi2 P̃ · · · P̃Pis+1e�

= 1 + (N − 1)
∑
�

(u� − 1)P (�) +
∑
j, �

(uj − 1)(u� − 1)P (j)

×
N−2∑
s=1

∑
i1,...,is�0

i1+···+is�N−2−s

(N − 1− s− i1 − · · · − is)e
T
j P

i1 P̃ · · · P̃Pis+1e�.

Similarly,

pT (U− I)(PU)N−1e =
∑
�

(u� − 1)P (�)

+
∑
j, �

(uj − 1)(u� − 1)P (j)

N−1∑
s=1

∑
i1,...,is�0

i1+···+is�N−1−s

eTj P
i1 P̃ · · · P̃Pis+1e�.

Thus,

pTU(PU)N−1e = 1 +N
∑
�

(u� − 1)P (�) +
∑
j, �

(u� − 1)(uj − 1)P (j)

×
N−1∑
s=1

∑
i1,...,is�0

i1+···+is�N−1−s

(N − s− i1 − · · · − is)e
T
j P

i1 P̃ · · · P̃Pis+1e�.
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For k = 1, . . . , s− 1, replace the kth factor P̃ in this formula by
∑

�k
(u�k − 1)Pe�ke

T
�k
,

put �0 = j, �s = �, and plug in (8) to obtain

MN (U) = 1 +N
∑
�

(u� − 1)P (�)

+

N−1∑
s=1

∑
�0,...,�s

s∏
k=0

(u�k − 1)P (�0)(e�0 ⊗ · · · ⊗ e�s−1)
TTN (s)(e�1 ⊗ · · · ⊗ e�s).

In our application of Lemma 1 the patterns belong to a given set Ωm ⊂ Qm, in
which case the sum in (6) is taken over �0, . . . , �s ∈ Ωm.

Our main result (Theorem 1) refers to a sequence of m-patterns, and to the
joint asymptotic distribution of their frequencies ωım = ωım(n), ım ∈ Qm, when n →
∞,m = m(n) → ∞, so that N/n → 1. In this theorem we assume that Ω is a finite set
of fixed cardinality formed by infinite sequences ı = (ı1, . . . , ım, . . .). The set Ωm,m =
1, 2, . . . , is a restriction of Ω, i.e., is composed by m-patterns, ım = (ı1, . . . , ım).

To simplify notation, now let P be the submatrix of the matrix defined by (1)
formed by rows and columns corresponding to patterns in Ωm; I will be the identity
matrix of the appropriate size, with a similar agreement for vectors e and p.

Theorem 1. Let {Xn = (ε1, . . . , εn), n = 1, 2, . . .} be a sequence of ergodic
Markov chains with Xn of order m = m(n). Assume that n → ∞, so that m → ∞,
m/n → 0, and for all ı ∈ Ω,

(9) lim
n→∞nP (ım) =

λ

βı
,

with positive λ and βı. Suppose further that

sup
m

ρ(P− epT ) < 1,(10)

CΩm(1) → (I−Π)−1(11)

for some substochastic matrix Π such that with the diagonal matrix B formed by βı,
BΠTB−1 is also a substochastic matrix, and

(12) eTB−1(I−Π)e = 1.

Then the joint distribution of frequencies ωım , ım ∈ Ωm, converges to the multivariate
compound Poisson distribution (Pòlya–Aeppli law)

(13) E
∏
ı∈Ω

uωım

ı → exp{λ[eTB−1(I−Π)(I − UΠ)−1U(I−Π)e − 1]}.

Proof. To employ Lemma 1 notice that for a given m, s, and �0, . . . , �s ∈ Ω,

eT�mk Pik+1e�m
k+1

= eT�mk (P− epT )ik+1e�m
k+1

+ P (�mk+1)

for any positive integers i1, . . . , is, i1 + · · ·+ is ≤ N − 1, and

(e�m0 ⊗ · · · ⊗ e�ms−1
)TPi1 ⊗ · · · ⊗ Pis(e�m1 ⊗ · · · ⊗ e�ms )

=

s∑
r=0

∑
t1,...,tr

tr+1,...,ts

r∏
k=1

eT�mtk
(P− epT )itk+1e�mtk+1

P (�mtr+1+1) · · ·P (�mts+1),
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where t1, . . . , ts, t1 < · · · < tr, is a permutation of integers 0, 1, . . . , s − 1. Because
of (11), for any j and � from Ω,∑

i�1

eT�m(P− epT )iejm = eT�m(I− P+ epT )−1ejm − δ�mjm → α�j

βj
,

with α�j denoting entries of the matrix A = (I−Π)−1B−B = Π(I−Π)−1B. According
to (10), as i → ∞, eT�m(P− epT )iejm tends to zero uniformly in m, so that the series
above converges uniformly in m.

For fixed s and 1 ≤ r ≤ s,

lim
n→∞

∑
it1+1,...,itr+1�1

r∏
k=1

eT�mtk
(P− epT )itk+1e�mtk+1

= lim
n→∞

r∏
k=1

(
eT�mtk

(I− P+ epT )−1e�mtk+1
− δ�mtk �

m
tk+1

)
=

α�1�2 · · ·α�r�r+1

β�2 · · ·β�r+1

.

Therefore, for a given s, with TN (s) defined by (7),

N−1(e�m0 ⊗ · · · ⊗ e�ms−1
)TTN (s)(e�m1 ⊗ · · · ⊗ e�ms )

= N−1
s∑

r=0

∑
t1,...,ts

∑
it1+1,...,its+1�1

it1+1+···+its+1�N−1

(N − it1+1 − · · · − its+1)

×
r∏

k=1

eT�mtk
(P− epT )itk+1e�mtk+1

P (�mtr+1+1) · · ·P (�mts+1)

∼ λs−r

Ns−r+1

s∑
r=0

∑
t1<···<tr

tr+1<···<ts

s∏
k=r+1

β−1
�tk+1

×
∑

it1+1,...,itr+1�1

it1+1+···+itr+1�N−s+r−1

(
N − it1+1 − · · · − itr+1

s− r + 1

)

×
r∏

k=1

eT�mtk
(P− epT )itk+1 e�mtk+1

→
s∑

r=0

λs−r

(s− r + 1)!
∏s

k=1 β�k

∑
t1<···<tr

α�t1 �t1+1 · · ·α�tr �tr+1

=

s∑
r=0

λs−r

(s− r + 1)!
∏s

k=1 β�k

Sr(α�0�1 , . . . , α�s−1�s),

where Sr is the rth elementary symmetric function,

Sr(a1, . . . , as) =
∑

1�i1<···<ir�s

ai1 · · · air .

Indeed, if iu1 , . . . , ius−r denote indices different from it1+1, . . . , itr+1, then for I =∑
(it1+1 + · · ·+ itr+1),∑

iu1 ,...,ius−r
�1

iu1+···+ius−r
�N−I−1

(N − I − iu1 − · · · − ius−r ) =

(
N − I

s− r + 1

)
,
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and by uniform convergence of the series,
∑

it1+1,...,itr+1≥1

∏r
k=1 e

T
�mtk

(P−epT )itk+1e�mtk+1
,

lim
n→∞

(s− r + 1)!

Ns−r+1

∑
it1+1,...,itr+1�1

it1+1+···+itr+1�N−s+r−1

(
N − it1+1 − · · · − itr+1

s− r + 1

)

×
r∏

k=1

eT�mtk
(P− epT )itk+1e�mtk+1

= lim
n→∞

[(
N

s− r + 1

)]−1 N−s∑
i=0

(
N − i− r

s− r

)

×
∑

it1+···+itr�i+r−1

r∏
k=1

eT�mtk
(P− epT )itk+1 e�mtk+1

=
α�t1 �t1+1 · · ·α�tr �tr+1

β�t1+1 · · ·β�tr+1

.

It follows from (6) that limn→∞(MN (U)/M(U)) = 1, where with v� = β−1
� (u� − 1),

M(U) = 1 +

∞∑
s=0

∑
�0,...,�s

s∏
k=0

v�k

s∑
r=0

λs−r+1

(s− r + 1)!
Sr(α�0�1 , . . . , α�s−1�s)

= 1 +

∞∑
r=0

∞∑
s=r

λs−r+1

(s− r + 1)!

∑
�0,...,�s

s∏
k=0

v�k Sr(α�0�1 , . . . , α�s−1�s)

= 1 +
∞∑
r=0

∞∑
s=r

λs−r+1

(s− r + 1)!

∑
�0,...,�s

s∏
k=0

v�k
∑

t1<···<tr

α�t1 �t1+1 · · ·α�tr �tr+1 .(14)

In the sum in (14) �0, . . . , �s ∈ Ω; to evaluate it, we partition the set {t1 < · · · < tr}
according to the number of successions of given lengths. More precisely, let us call
the string ti1 < · · · < tip a succession of length p if tik+1

= tik +1 for k = 1, . . . , p− 1,
but tip+1 
= tip + 1 and ti1 
= ti1−1 + 1. (If t1 = 0 or tp = r, these inequalities
hold automatically.) Enumeration of strings with a given number of successions is
discussed in [7, section 2.3.15].

The sums over the indices forming a succession of length p can be readily evalu-
ated, ∑

ti1<···<tip

α�ti1
�ti1+1α�ti2

�ti2+1 · · ·α�tip �tip+1v�ti1
v�ti2

· · · v�tip v�tip+1

= vTA(VA)p−1v =: zp(15)

where V is the diagonal matrix formed by the vector v with the coordinates v� =
β−1
� (u� − 1).

Denote for a fixed s by Cs(ν1, . . . , νr) the number of sequences, t1 < · · · < tr,
formed by integers 0, . . . , s − 1 with νp successions of length p, p = 1, . . . , r. Clearly,∑

pνp = r, and

∑
�0,...,�s

s∏
k=0

v�k
∑

t1<···<tr

α�t1 �t1+1 · · ·α�tr �tr+1

=
∑

ν1,...,νr∑
pνp=r

(vT e)s−
∑

νp−r+1 Cs(ν1, . . . , νr)z
ν1
1 · · · zνrr .
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We now prove that

(16) Cs(ν1, . . . , νr) =

(
s− r + 1∑

νp

)( ∑
νp

ν1 · · · νr

)
.

Indeed, if
∑

νp = h, to construct the set of r numbers t1 < · · · < tr from {0, 1, . . . , s},
first choose h + 1 positive integers a0, a1, . . . , ah, whose sum is s − r + 2. There are(
s−r+1

h

)
ways to do this. Replace a0 and ah by one less, so that the numbers now

add up to s− r, with a0 and am possibly being zero. Next, arrange ν1 ones, ν2 twos,
. . . , νr r’s in order, as a sequence (b1, . . . , br). There are

(
h

ν1···νr
)
different sequences of

this sort. Finally, get the set of r numbers as follows: skip 1, . . . , a0; put the next b1
numbers in the set; skip the next a1 numbers; put the next b2 in the set; and so forth.
The product in (16) counts all such sets.

Therefore, with zp defined by (15),

M(U) = 1 +

∞∑
r=0

∞∑
s=r

λs−r+1(vT e)s−r+1

(s− r + 1)!

×
∑

ν1,...,νr∑
pνp=r

(vT e)−
∑

νpzν11 · · · zνrr Cs(ν1, . . . , νr)

= eλv
T e +

∞∑
r=1

∑
ν1,...,νr∑

pνp=r

λ
∑

νpzν11 · · · zνrr
ν1! · · · νr!

∞∑
s=r+

∑
νp−1

(λvT e)s−
∑

νp+r+1

(s−∑
νp + r + 1)!

= eλv
T e

∞∑
r=0

∑
ν1,...,νr∑

pνp=r

λ
∑

νpzν11 · · · zνrr
ν1! · · · νr! .

The sum,

∑
ν1,...,νr∑

νp=h,
∑

pνp=r

λhr! zν11 · · · zνrr
ν1! · · · νr!

represents the Bell polynomial Yr(λ; z1, 2!z2, . . . , r!zr). Since
∑∞

k=1 zkt
k = tvTA[I −

tVA]−1v, one gets from formula (45) in [12],

∞∑
r=0

∑
ν1,...,νr∑

pνp=r

λ
∑

νpzν11 · · · zνrr
ν1! · · · νr! = exp {λvTA(I−VA)−1v}.

The definition of V = (U− I)B−1 gives

I−VA = I+ B−1Π(I −Π)−1B− B−1UΠ(I−Π)−1B

= B−1(I−Π)−1B− B−1UΠ(I−Π)−1B = B−1(I− UΠ)(I −Π)−1B.

Therefore, since v = (U− I)B−1e = B−1(U− I)e, we have

vTA(I−VA)−1v = eTB−1(U− I)Π(I − UΠ)−1(U− I)e

= eTB−1(Π− U)e+ eTB−1(I−Π)(I− UΠ)−1U(I−Π)e
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and

M(U) = exp
{
λvT e+ λvTA[I−VA]−1v

}
= exp

{
λ[eTB−1(Π− I)e + eTB−1(I−Π)(I − UΠ)−1U(I−Π)e]

}
.(17)

Condition (12) now shows that

logM(U) = λ[eTB−1(I−Π)(I− UΠ)−1U(I−Π)e − 1].

The matrix Π has nonnegative elements, and all coordinates of the vectors d = (I−Π)e
and c = (I−ΠT )B−1e are nonnegative. Thus, (13) corresponds to a compound Pois-
son distribution, i.e., logM(U) = λ[Φ(U) − 1], where Φ(U) = cT (I − UΠ)−1Ud =∑∞

k=0 c
T (UΠ)kUd is the probability generating function of the compounding proba-

bility distribution.

4. Discussion. When Ω = {ı}, Theorem 1 has been proven in [3] for indepen-
dent and identically distributed variables. The condition there, Cıı(1) → μ = 1/βı >
1, means that Π = 1 − βı, and (10) holds automatically. See also [19] for a related
result, which is employed in the overlapping template matching test of randomness
in [15]. The existence of the limit in (9) is a classical condition on rare events whose
probabilities are of the order O(n−1) or whose length m is of the order logn.

Condition (11) means that with Cm(1) denoting the restriction of C(1) in (2) to
Ωm,

lim
n→∞Cm(1) = (I−Π)−1.

The probability generating function of the compounding discrete vector, which
determines the multivariate Pòlya–Aeppli law in (13), can be written as

Φ(U) = cT (I− UΠ)−1Ud.

For this distribution the mean vector is B−1e, and the covariance matrix is

G = B−1(I−Π)−1 + (I−ΠT )−1B−1 + B−1 − B−1eeTB−1.

When Ω is a one-element set, the compounding distribution is merely the geometric
law on positive integers, i.e.,

(18) Φ(u) =
u(1− π)

1− uπ
,

so that M(u) corresponds to the classical Pòlya–Aeppli distribution.
As in the one-dimensional case, the multivariate Pòlya–Aeppli distribution can

be represented as that of the sum,
∑M

1 Yj , where the random variable M has a Pois-
son distribution with parameter λ and is independent of independent identically dis-
tributed discrete random vectors Yj whose common distribution is the compounding
law. In other words, the number M of clusters or clumps has a Poisson distribution,
while their multidimensional “sizes” follow the compounding distribution.

It follows that Eωı = λ/βı and the covariance matrix of pattern frequencies is λG.
An equivalent representation of the p-variate Pòlya–Aeppli distribution is

(19)
∑
k�0

Pkk, kT = (k1, . . . , kp),
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where Pk denote independent Poisson random variables with parameters λγk. Here
γk are the coefficients of the power series expansion of Φ(U), i.e., the probabilities
of the compounding distribution. Clearly, γ0,...,1,...,0 = cjdj. In the general case,
these probabilities can be found from the multivariate Lagrange expansion (see [7,
section 1.2.9]). If Adj(I − UΠ) denotes the adjoint matrix to I− UΠ, then

cTAdj (I− UΠ)Ud

det(I− UΠ)
= Φ(U) =

∑
k�0

γku
k1
1 · · ·ukp

p .

According to the mentioned Lagrange formula (see also formula (3) in [6]), if the
diagonal matrix W is formed by the entries xi/(e

T
i Πx), then γk is the coefficient of

the power x series expansion of the function,

Fk(x) = cTAdj (I−WΠ)Wd

p∏
i=1

(eTi Πx)
ki ,

of xT = (x1, . . . , xp) (which is supposed to admit a power series expansion).
For example, if Π = abT with positive vectors a, b satisfies the conditions of

Theorem 1, then

Fk(x) =
∏

aki

i (bTx)
∑

i kicTAdj

(
I− xbT

bTx

)
Wd

=
∏

aki

i (bTx)
∑

i ki−2(cTx)

(∑
a−1
i bidixi

)
,

as Adj(I − (xbT )/bTx) = (xbT )/bTx. It follows that when
∑

ki ≥ 2,

γk =
∑
j

( ∑
ki − 2

k1 · · · kj − 2 · · · kp

)
(a1b1)

k1 · · · (ajbj)kj−1 · · · (apbp)kpcjdj

+
∑
j<�

( ∑
ki − 2

k1 · · · kj − 1 · · · k� − 1 · · · kp

)
× (a1b1)

k1 · · · (ajbj)kj−1 · · · (a�b�)k�−1 · · · (apbp)kp(ajcjb�d� + a�c�bjdj).

Parameters λ and βı are determined by (9) only up to a common factor. To
completely specify these parameters one can invoke the normalization condition (12),
which means that Φ(0) = 0, or that the support of the compounding discrete multi-
variate distribution does not include the origin. This condition can be violated for the
marginal distributions of the compounding law, although it is clear from derivation
of (17) that this representation is also true for subsets of patterns in Ωm. If U1 is
the subvector of U, corresponding to the selected patterns, the probability generating
function, Φ1(U1), of the first components of the vector ω is Φ(U1, I). Partition

Π =

(
Π11 Π12

Π21 Π22

)
,

with similarly partitioned vectors c and d.
Let Π1 = Π11+Π12(I−Π22)

−1Π21, so that Π1 = I− [I+(Π(I−Π)−1)11]
−1. Then

for appropriate c̃, d̃,

Φ1(U1) = cT2 (I−Π22)
−1d2 + (c1 −ΠT

21(I−ΠT
22)

−1c2)
T

× (I− U1Π1)
−1U1(d1 −ΠT

12(I−ΠT
22)

−1d2)

= 1 + c̃T [(I− U1Π1)
−1U1 − (I−Π1)

−1]d̃.
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It follows that any univariate marginal is a mixture of a geometric distribution on
positive integers and a point mass at zero,

Φ(uj) =
uj(1− πj)

1− ujπj
+ 1− cj =

1− cj + uj(cj − πj)

1− ujπj
,

where 0 ≤ cj ≤ 1, 0 ≤ πj ≤ 1.
As the sum of compounding distribution components does not have to be a

geometric random variable, the asymptotic distribution of the sum of frequencies
S =

∑
ı∈Ω ωı may not have the one-dimensional Pòlya–Aeppli distribution, while

their joint multivariate distribution belongs to this class. However, (18) for S holds
with π = bTa if Π = abT with vectors a, b as above.

Theorem 1 is valid under a weaker version of (12), namely if cT e ≤ 1. However,
then the compounding distribution is given by the generating function,

(20) cT (I− UΠ)−1U(I−Π)e+ 1− cT e.

The proof of Theorem 1 shows that the joint distribution of all frequencies ωı, ı ∈
Q∞, weakly converges to the Pòlya–Aeppli stochastic process. This process can be
defined by a countably infinite substochastic matrix Π∞ such that I − Π∞ has an
inverse operator in the space of all bounded sequences, with the vector d = (I−Π∞)e
having nonnegative coordinates, and by a probability vector c. The finite-dimensional
distributions corresponding to patterns in Ωm have the probability generating function
of the form (20) with c and d denoting restrictions onto the corresponding subspace,
and Π = I− [I+Π∞(I −Π∞)−1|Ωm ]−1.

If Π = wΞ, with a transition probabilities matrix Ξ and a scalar w, 0 < w < 1,
then d = (I−Π)e = (1− w)e and

Φ(U) = cT (I− UΠ)−1Ud = (1 − w)

∞∑
N=1

wN−1cT (UΠ)N−1Ue

= (1− w)
∞∑

N=1

wN−1ΦN (U),

where ΦN (U) = cT (UΠ)N−1Ue = cTU(ΠU)N−1e is the probability generating func-
tion in (8). The latter corresponds to the count vector for the Markov chain of
length N with the transition probabilities matrix Ξ, when the initial distribution is c.
In other words, the compounding distribution itself is a mixture of pattern frequency
distributions in Markov chains of random, geometrically distributed length.

If Π is a diagonal matrix, then logM(U) is the sum of logM(uj) in (18) with
parameters λj = λcjdj and πj = Πjj, provided that

∑
j cjdj(1−Πjj)

−1 = 1. In partic-
ular, if Ωm is formed by aperiodic, uncorrelated patterns ım, such that Cımım(1) = 1
and Cımjm(1) = 0, ım 
= jm, then Π = 0, and the asymptotic distribution of ωı, ı ∈ Ω,
is the product of classical Poisson laws. If Π is a block-diagonal matrix, then ωı and
ωj for ı and j from different blocks are independent (and the reverse is true as well).

Upper bounds on the total variation distance for rare pattern counts converging
to a compound Poisson distribution were originally obtained in [1]. One may hope for
derivation of a stronger version of Theorem 1, which would have a sharp bound on a
distance between the multivariate Pòlya–Aeppli distribution and the joint distribution
of frequencies possibly by using Stein’s method as discussed in [2]. To employ this
method, the representation (19) may be useful, but there are technical difficulties.
The known results in this direction (e.g., [11], [4], [5], [14]) do not seem to provide
estimates leading to the Pòlya–Aeppli law convergence under conditions (9)–(11).
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5. Examples. We start this section with uniformly distributed independent
ε1, . . . , εn when q = 2, assuming that as n → ∞, n/2m → λ/β, i.e., βı ≡ β. This is a
model appropriate for randomness testing. Condition (12) means that β = eT (I−Π)e.

For an even m = 2k, let ım = (1, 0, 1, 0, . . . , 1, 0), jm = (0, 1, 0, 1, . . . , 0, 1), and
�m = (1, 1, 1, . . . , 1) be three pattern sequences. Then

Cımım(z) =

k∑
r=0

z2r

22r
= Cjmjm(z), C�m�m(z) =

m∑
r=0

zr

2r
,

Cımjm(z) = Cjmım(z) =

k∑
r=1

z2r−1

22r−1
,

Cım�m(z) = Cjm�m(z) = C�mjm(z) = C�mım(z) = 0.

Therefore,

Cm − I → 1

3

⎛⎝ 1 2 0
2 1 0
0 0 3

⎞⎠ ,

and

Π =
1

2

⎛⎝ 0 1 0
1 0 0
0 0 1

⎞⎠ ,

β = 3
2 . According to Theorem 1,

E uωı
1 u

ωj

2 uω�
3 → exp

{
2λ

3

[
u1 + u2 + 2u1u2 − 4

4− u1u2
+

u3 − 1

2− u3

]}
.

Thus, ı, j are asymptotically independent of � (which has the classical Pòlya–Aeppli
distribution).

If now ım = (0, 0, 1, . . . , 1, 1) and jm = (0, 1, 1, . . . , 1, 1), then for the same � as
above,

Π =
1

2

⎛⎝ 0 1 0
0 0 1
0 0 1

⎞⎠
and β = 3

2 . Thus,

E uωı
1 u

ωj

2 uω�
3 → exp

{
λ

6

(
u1u2u3 + u2u3

2− u3
+ 2u1 + u2 + u1u2 − 6

)}
.

If κp
1 = (0, 1, . . . , 1), κp

2 = (1, 1, . . . , 1, 0) are two words of length p, ırm =
(κ1, κ1, . . . , κ1) and jrm = (κ2, κ2, . . . , κ2) are repetitions of these words r times,
so that m = pr, then for Ω = {ı, j},

Cm(1)− I → 1

2p − 1

(
1 2p−1

2 1

)
.

Thus

Π =

(
0 1

2

2−(p−1) 0

)
.
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With β = 3
2 − 2−(p−1),

E uωı
1 u

ωj

2 → exp

{
λ

[
2p−1 − 1

β(2p − u1u2)

(
(2p−1 − β)u1u2

2p−1 − 1
+ u1 + u2

)
− 1

]}
.

This example suggests employing Theorem 1 to expand the overlapping template
matching test in [15] by considering several patterns (say, ım = (1, 0, 1, 0, . . . , 1, 0)
and �m) in a new test of randomness.

Consider now a Markov chain for a fixed order, say, one. In DNA applica-
tions q = 4; let Ω, for example, be a collection of patterns (motif) for which Ωm =
{(i1, . . . , x, . . . , im), x = a, c, g, t} for fixed i1, . . . , is−1, is+1, . . . , im with p = q. As-
sume that the transition probabilities matrix Ξ = Ξm is known (well estimated) and
that the vector ξ represents both the initial and the stationary distributions, ΞT ξ = ξ.

A prelimiting version of condition (11) can be verified by evaluating the matrix
Cm via the following formula (cf. (10) in [17]) for the elements of Cm(1):

C(ım, jm) = δımjm +

m−1∑
r=1

δ(ir+1...im),(j1...jm−r)ξjm−rjm−r+1 · · · ξjm−1jm

+ ξj1j2 · · · ξjm−1jm [Ξ(I− Ξ + eξT )−1]imj1 − P (jm).

If the matrix Km is formed by the entries

m−1∑
r=1

δ(ir+1...im),(j1...jm−r)ξjm−rjm−r+1 · · · ξjm−1jm ,

then

lim
m→∞Cm(1) = lim

m→∞(I+Km).

Indeed,

ξj1j2 · · · ξjm−1jm [Ξ(I− Ξ + eξT )−1]imj1 − P (jm)

= ξj1j2 · · · ξjm−1jm

∑
k

ξimk

[
(I− Ξ + eξT )−1

kj1
− ξj1

]
,

so that with ζ = max ξrs < 1,

max
jk

|Cm(1)− I−Km|jk � ζm−1 max
jk

∣∣∣(I− Ξ + eξT )−1
kj − ξj

∣∣∣ → 0.

Thus, (11) is to be verified for the matrix I+Km. If this condition is met and the length
n of the underlying sequence is such that the product nP (ı) = nξi1ξi1i2 · · · ξim−1im is
sufficiently large, one can put with p = {P (ı)},

β−1
ı =

P (ı)

eTC−1
m p

, λ =
n
∑

βıP (ı)

q
.

Then the multivariate Pòlya–Aeppli law can be employed to find regions where the
patterns occur too often or are too rare.
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A straightforward calculation in the example of section 7.1 of [13] shows that with
m = 8, i1 = i4 = i5 = i7 = i8 = g, i3 = i6 = t, s = 2, n = 1, 830, 140,

λ = 55.87,

1/β = [0.2670, 0.2209, 0.1749, 0.3456]T,

c = [0.2679, 0.2217, 0.1637, 0.3467]T.

One gets d = 0.9881e and with a = [0, 0, 0.0117, 0.0001]T ,

Π = eaT .

The discussion of the previous section gives the probabilities γk of the compounding
distribution whose bulk (98.46%) is concentrated at

∑
ki = 1,

γ1,0,0,0 = 0.2638, γ0,1,0,0 = 0.2183, γ0,0,1,0 = 0.1611, γ0,0,0,1 = 0.3414.

The expected frequency of the patterns from this motif is the same as under the
Markov chain model (M1) in [13], but in addition the covariance matrix Σ of the
frequencies can be obtained. The (usual, not pattern) correlation matrix has the
form ⎛⎜⎜⎝

1.0000 −0.3212 −0.2553 −0.4384
−0.3212 1.0000 −0.2253 −0.3868
−0.2553 −0.2253 1.0000 −0.3074
−0.4384 −0.3868 −0.3074 1.0000

⎞⎟⎟⎠ .

Similar calculations can be performed for much more complicated motifs, e.g.,
when Ωm contains correlated patterns.

Acknowledgments. The author is grateful to Dr. J. Lawrence for the present
proof of (16). Helpful comments of a referee are also acknowledged.
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