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Abstract 
 
As integrated circuits become smaller and faster, the measurement of line width must 
have less uncertainty and more versatility. A common requirement for uncertainty is less 
than 10 nm. The industrial need for versatility is three dimensional scanning in order to 
measure the geometric shapes of walls and trenches. Atomic Force Microscopes (AFMs) 
are commonly used in laboratories for a range of critical measurements of dimensions 
demanded by the electronic industry. However, it is difficult to predict the measurement 
bias arising from the compliance of the AFM probe. The issue becomes particularly 
important in this situation where nanometer uncertainties are sought for measurements 
with dimensional probes composed of flexible carbon nanotubes, having diameters of 1 
nm to 10 nm, mounted on AFM cantilevers.  In order to estimate the probe deflections 
due to surface contact and the resulting dimensional biases and uncertainties, we have 
developed a finite element model for simulating the mechanical behavior of AFM 
cantilevers with carbon nanotubes attached. The finite element model was developed 
using commercially available software systems. Spring constants of both the nanotube 
and cantilever in two directions are calculated using the finite element method with 
known Young’s moduli of both silicon and multi-wall nanotube as input data. 
Compliance of the nanotube-attached AFM probe tip may be calculated from the set of 
spring constants. This paper presents static models that together provide a basis to 
estimate uncertainties in linewidth measurement using nanotubes. In particular, the 
interaction between a multi-wall nanotube tip and a silicon sample is modeled using the 
Lennard-Jones theory. Snap-in and snap-out of the probe tip in a scanning mode are 
calculated by integrating the compliance of the probe and the sample-tip interacting force 
model. Cantilever and probe tip deflections and points of contact are derived for both 
horizontal scanning of a plateau and vertically scanning of a wall. The finite element 
method and Lennard-Jones model provide a means to analyze the interaction of the probe 
and sample, including actual deflection and the gap between the probe tip and the 
measured sample surface. 
 
1. Introduction 

In semiconductor manufacturing, the smallest feature sizes have been decreased 
below 65 nm. As a result, a new challenge has arisen in nanometrology: to measure 
widths of lines and trenches and especially their sidewalls, with an acceptable 
measurement uncertainty [Dixson et al. 2007]. High aspect-ratio probe tips, such as 
nanotube-attached and focused ion beam-sharpened tips, are used to cope with this new 
challenge [Griffith et al. 1993, Nguyen 2001]. One problem is that these sharpened tips 
deflect when bending forces are exerted. Bending of a high aspect-ratio tip under contact 
forces can introduce measurement bias in a linewidth measurement. For example, if the 



net contact force is repulsive, the tip bends away from the surface with respect to the 
cantilever. If the cantilever deflection is used to sense surface contact, then the linewidth 
will be biased low in this case. Further, the probe-tip geometry and the deflection of the 
probe tip are additional sources of uncertainty. In the intermittent contact mode, the gap 
between the probe tip and the sample surface create yet another source of uncertainty. 
These sources have to be accurately estimated and included in the measurement. 

Computational modeling of parts and their assembly has been available for 
discrete manufacturing for four decades. Using a Computer-Aided Design (CAD) 
[Mortenson 1985] system, a computer-based geometric model can be created to represent 
a physical probe with known dimensions. With boundary and load conditions and 
relevant material properties specified, the geometric model can then be meshed into small 
elements. This model becomes a finite element model. It can then be solved using the 
Finite Element Method (FEM) [Bathe 1996] for the static and dynamic behaviors of the 
physical probe. Hence, probe-tip deflections may be computed. The forces that are 
exerted on the probe tip are predicted using atomic force interaction theories, such as the 
Lennard-Jones model. Additionally, the gap between the tip and the sample surfaces can 
be calculated as the probe approaches the surface and deflections are induced.  As a result, 
the measured point on the sample surface can be calculated. 

This paper describes probe-tip modeling using both CAD and FEM systems for 
the characterization of the static behavior of a probe tip. The static behavior of the probe 
tip both as it approaches a sample top surface and approaches a side wall is analyzed. 
Further, snap-in and snap-out are calculated to find the region of probe instability. Lastly, 
the analysis results in an estimated measured point. Specifically, Section 2 provides an 
overview of results from previous work on geometric modeling and nano probe 
mechanics. Section 3 describes the probe modeling. Section 4 shows probe tip deflection 
curves for vertical and horizontal surface scanning. Section 5 analyzes the probe tip-to-
sample surface interaction based on the Lennard-Jones theory. Section 6 concludes the 
computational modeling work and points out future directions. 
 
2. An overview of the state of computational modeling in AFM 

Both CAD modeling and Finite Element Analysis (FEA) have been applied in 
product design and analysis in the mechanical industry for four decades. With proper 
conversion of derived units, they can be applied to the modeling and analysis of AFM 
probe tips on the nanometer scale. The static and dynamic behaviors of a commercial 
AFM V-shaped probe have been analyzed previously using FEM [Chen et al. 2005]. Also, 
an analysis of stress in a cantilever beam has been performed using FEM [Bhushan et al. 
2002]. 

In order to apply the available FEM systems, material properties of all the 
components of a probe have to be in place. Research results on nanotube and cantilever 
beam moduli have become available. For the moduli of single wall and multiwall 
nanotubes, results from experiments show that Young modulus is in the range of 0.7 to 6 
Tera Pascal, primarily depending on the diameter of the nanotubes [Salvetat et al. 1999, 
Akita et al. 2000, Qian et al. 2002]. Usually, the smaller the diameter the higher the 
Young’s modulus is if the material of the nanotube is pure and well formed, i.e., close to 
a straight tube. 



With the geometry and material properties available, the interaction force between 
the probe tip and the sample surface needs to be modeled. A method of measuring 
deflections of an attached nanotube has been published for pico-Newton order forces 
using an AFM [Nakajima et al. 2004]. Results of Lennard-Jones models for nanotube and 
silicon-based sample have been published [Sarid et al. 1997, Cappella et al. 1999, Rutzel 
et al. 2002]. A specific Hamaker constant, such as 5 x 10-19 Joule, in the Lennard-Jones 
model was used to simulate the imaging of a nonmetallic sample surface with a metallic 
nanotube tip (Snow et al. 2002). Other similar Hamaker constants are also available 
[Sarid 1997]. These constants are relatively close and fall within a small range. 
Furthermore, the Lennard-Jones model and the deflection of an AFM probe with a silicon 
tip have been applied to analyze a NanoCaliper™ probe for its performance [McClure 
2005]. 

The use of a nanotube attached probe as a nanoprobe has become popular because 
of its high resolution and high aspect ratio. It has been shown that nanotubes can be used 
in high vacuum, air, and in liquid for imaging of biological materials and semiconductors 
and for material property testing [Dai et al. 1996, Hafner et al. 2001, Bhushan et al. 2004].  
 Currently, images of nano probe tips are available; however, computational 
models of the probe and finite element analysis of the probe are rarely found. Lennard-
Jones theories are frequently applied; however, the spring constants of the probe are 
primarily those of cantilever beams. The total spring constant of the beam, the silicon tip, 
and the attached nanotube needs to be better computed. Also important, the probe tip 
contact point on the sample surface has to be estimated. 
 
3. Nano probe tip models 

A physical probe with a Multi-Wall Carbon Nano-Tube (MWCNT)-attached tip 
provides a basis for developing computational models in CAD and FEM systems. Figure 
1 shows a Scanning Electron Microscopy (SEM) image of a probe tip with a nanotube. 
The size and overhang of the nanotube can be calculated from a pair of SEM images 
taken at two orthogonal orientations of the probe. A computational model can then be 
developed to simulate the real probe. 

Figure 1 goes here 
The geometries of a cantilever and the associated silicon tip are usually available 

from the vendor, and their dimensions are on the product specification sheet. With the 
shape and dimensions of the cantilever, a silicon tip, and an attached nanotube, the 
geometric models of all the parts can be developed and assembled into a probe model 
using a CAD system. 

Figure 2 shows a geometric model, created using ABAQUS [ABAQUS 2006]. 
The model is meshed and ready for the application of finite element analysis. The meshes 
are applied to individual parts, including the beam, the silicon tip, and the nanotube. 
Element sizes and types have to be chosen according to the shape and accuracy 
requirements. 

Figure 2 goes here 
A second finite element model, developed using ANSYS [ANSYS 2002], of an 

AFM probe also includes definitions of all the necessary boundary conditions, the 
specification of material properties of each part, part-part interfacing constraints, and 
loading conditions. The modeling results from both ANSYS and ABAQUS are consistent. 



Figure 2 also shows the deflection distribution of a probe when there is a upward vertical 
force applied to the tip of the nanotube. The base of the cantilever is fixed. The force is in 
the nanoNewton (nN) range, and the deflection of the tip is in the nanometer (nm) range.  

A design of an AFM probe with a MWCNT-attached is depicted in Figure 3. The 
beam size is 300 μm long, 40 μm wide, and 4 μm thick. The size of the nanotube is 
assumed to be 0.02 μm in radius and 0.6 μm in length. The tip of the nanotube is assumed 
to be a spherical end. The radius of a MWCNT can vary in radius over a wide range. See, 
for example, [Nguyen et al. 2002] where the MWCNT radius is about 4 nm, and [Fu et al 
2005] where the MWCNT radius is about 40 nm.  Assigned material properties including 
densities, Young’s moduli, and Poisson ratios are in Table 1. 

Figure 3 goes here 
Table 1 goes here 

 
4. Static Deflections 

When the probe is sufficiently close to a sample surface, there is an attractive 
force between the tip and the surface. The force on the tip is vertical in the negative Z 
direction when the measured surface is horizontal, as shown later in Figure 10. The force 
is horizontal in the positive X direction when the measured surface is vertical, as shown 
in Figure 11. The coordinate system is shown in Figure 3. Either force causes deflections 
of both the nanotube and the cantilever beam, as shown in Figure 4. The displacement of 
the beam in the Z-direction is observable with the laser sensor in an AFM. The nanotube 
tip displaces in both X and Z directions; however, displacements of the nanotube are not 
observable from the optical sensor system in an AFM.  

Figure 4 goes here 
According to [Wong 1997], the average maximum bending strength for MWCNT 

is 14.2 ± 8.0 GPa, below which the tube is expected to deflect elastically. In our case, the 
length of the tube is about 600 nm, and the diameter is about 40 nm. With one end fixed, 
the maximum lateral force at the free end can be conservatively estimated to be 64.2 nN, 
the force equivalent to a maximum bending strength of 6.2 GPa (14.2 GPa – 8.0 GPa). 
Figure 5 shows forces within the ±6 nN range applied in the X direction versus 
deflections of the nanotube tip in both X and Z directions and the beam deflection in the 
Z direction. Since the probe deflects elastically within the ±6 nN range, the deflection vs. 
force curve is a straight line. There are three lines, representing three different spring 
constants. They are spring constants of the nanotube deflecting in the X direction, the 
nanotube deflecting in the Z direction, and the beam deflecting in the Z direction. The 
slopes of these three lines are the values of the spring constants, as in Table 2.  

Figure 5 goes here 
Table 2 goes here 

Similarly forces applied in the Z direction to the nanotube versus deflections of 
the nanotube in X and Z directions and the beam in the Z direction can be plotted, as 
shown in Figure 6. All three deflections are caused by the vertical force applied to the tip 
of the nanotube. Note that the deflection of the cantilever beam in the previous case, with 
the force in the X direction, is caused by the moment on the cantilever induced by the 
force. 

Figure 6 goes here 
Table 3 goes here 



Lastly, the gravity causes both the beam and the nanotube to deflect. It is called 
the free state of the probe. The deflections are in Table 4. 

Table 4 goes here 
 
5. Modeling of tip-sample interaction 

The probe tip-sample interaction is primarily described by the Lennard-Jones 
model on the nanometer scale. Since the probe tip is spherical and it is interacting with 
the sample surface, the Lennard-Jones force [Sarid 1997] can be defined as follows to 
approximate intermolecular forces interacting between the tip and the sample: 
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where Fs is the Lennard-Jones force and a function of S, S is the separation between the 
nanotube tip and the sample surface, H is the Hamaker constant (5.0 × 10-19 Joule), R is 
the radius of the nanotube, and σ is the separation at which the Lennard-Jones potential is 
null (0.3 nm). From Equation (1), the attractive force increases as the probe tip 
approaches the sample surface. As the attractive force increases, the cantilever beam will 
deflect more towards the surface. Figure 7 shows that the nanotube tip deflects in the Z 
direction more than the separation, i.e., Dtip_z is greater than S, as indicated by the solid 
curve. It means that the tip crashes into the surface. The observed beam deflection as the 
tip approaches the sample is indicated by the dashed curve. Similarly, as the probe tip is 
sufficiently close to a wall, the nanotube tip deflects more than the separation. The solid 
line in Figure 8 shows that the nanotube tip deflection in the X direction, Dtip_x, is 
greater than S as the tip is close enough to the wall, so the tip crashes into the wall. The 
dashed line indicates the deflection of the cantilever beam in the Z direction, Dbeam_z. 
Since the beam deflects in Z much less than the nanotube deflects in X, the deflection of 
the tip in the X direction is much less observable in the AFM optical sensor when the 
probe scans a wall than the deflection of the tip in the Z direction when the probe scans a 
horizontal surface. 

Figure 7 goes here 
Figure 8 goes here 

To estimate how close the tip to sample distance is when the tip contact takes 
place, we perform an analysis of snap-in. Figure 9 shows that the effective spring 
constant of the combined cantilever and nanotube deflecting in Z is 3.02 nN/nm. From 
the derivative of the Lennard-Jones force curve F'(s), two separations S = 1.03 nm and S 
= 0.21 nm are the calculated distances where the spring constant of the system is equal to 
the slope of the Lennard-Jones force curve, as indicated as the intersection points Int1 
and Int2 in the Figure. As the tip is closing to the surface, the tip starts to snap into the 
surface at the distance of 1.03 nm. As the contacting tip is pulled back from the surface, 
the tip starts to spring back to normal at the distance of 0.21 nm. This is the distance for 
snap-out. Between snap-in and snap-out, the region is unstable for the probe. The slope of 
the two dotted tangent lines on the Lennard-Jones force curve is 3.02 nN/nm, the spring 
constant. 

Figure 9 goes here 
Based on the deflections caused by the Lennard-Jones forces, the measured point 

can be estimated, assuming that no other factors contribute to the deflection of the beam 



and the nanotube tip. Figure 10 shows that the deflections of the nanotube tip in both the 
X and Z directions can be calculated based on the deflection of the cantilever beam, using 
the information in Figures 6 and 7, and Table 4 if gravity is taken into account. The 
attractive force can be derived from the deflection of the beam. From the value of the 
derived attractive force, the gap between the tip and the sample can be calculated using 
the Lennard-Jones force curve. With the calculated gap and nanotube tip deflections, the 
estimated measured point can be calculated in the attractive force regime. Similarly as 
shown in Figure 11, the measured point on the wall can be estimated by calculating the 
gap, and the deflection of the nanotube tip in both the X and Z directions based on the 
deflection of the cantilever beam in the Z direction observed from the laser sensor. 

Figure 10 goes here 
Figure 11 goes here 

 
6. Conclusion 

In practice, the probe tip is vibrating in the intermittent contact mode during 
scanning. The calculation of static deflections described above is an initial modeling step 
towards an analysis of probe vibration. The FEM modeling method is used to calculate 
deflections of the cantilever beam and the attached nanotube of a probe. FEM takes 
account of known material properties, component geometries, and boundary conditions. 
The attractive forces and deflections can be plotted to effectively calculate the spring 
constants of the tip or the beam and in either the X or Z direction. These calculated spring 
constants are then used measurement uncertainty estimation due to probe compliance. 

With the attractive force model derived from Lennard-Jones theory and the 
calculated spring constants, the snap-in and snap-out distance of the probe tip to the 
sample surface can be estimated for either horizontal or vertical surface scanning. The 
region between snap-in and snap-out is unstable, i.e., the surface force gradient is greater 
than the effective spring constant in either the X or Z direction. 

With calculated probe tip deflection and the calculated gap between probe tip and 
surface, the measured point can be estimated from the measured beam deflection, and 
read from the optical sensor system in an AFM. The estimated measured point for either 
horizontal or vertical surface depends on the spring constant for the attractive force in 
either the Z or X direction. Hence, a measured point can be estimated from the Lennard-
Jones force. For future work, other possible factors that cause the probe tip to deflect, 
such as static electricity, Van der Waals forces, and hysteresis, need to be investigated. 
The results in this paper represent initial progress toward a thorough analysis of nanotube 
bending as well as a dynamic analysis for intermittent contact mode AFM.  
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Figure 1 Image of a nanotube-attached probe tip 
 

 
 
 
 

 
 

Figure 2 Finite element model of a probe.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 
Figure 3 Dimensions of an example AFM probe in micrometers 

(not to proportion) 

 
 
 
 

Table 1 Material properties 

 Density [Kg/m3] Young’s modulus[Pa] Poisson’s Ratio 

Silicon  
Beam & tip 2.34E+03 1.50E+11 0.15 

Nanotube 1.35E+03 1.20E+12 0.2 

 
 
 
 
 
 

 
 
 
 



 
 

 
 

Figure 4 Nanotube and beam deflection. 

 
Figure 5 Force vs. deflection in X-direction 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Table 2 Spring constants for wall scanning 

 
Dtip_x  curve Dtip_z curve Dbeam_z curve Kx 

[nN/nm] 6.2151E+00 7.9132E+00 6.3008E+01 
 
 
 
 
 
 
 

 
Figure 6 Force vs. deflection in Z-direction 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

Table 3 Spring constants for horizontal surface scanning 
 

 
Dtip_x  curve Dtip_z curve Dbeam_z curve 

Kz [nN/nm] 
7.9138E+00 3.0192E+00 3.7658E+00 

 
 
 
 
 
 
 

Table 4 Free state probe and tip deflections 
 

Gravity[µm/s2] Dtip_x [nm] Dtip_z [nm] Dbeam_z [nm] 

9.80066E+06 -5.9479E-03 -1.1219E-01 -1.1768E-01 

 
 
 
 
 
 
 

 
Figure 7 The beam deflection vs. separation in Z 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 

Figure 8 The beam deflection vs. separation in X 

 
 

Figure 9 Snap-in and snap-out analysis. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 
 

Figure 10 Estimated measure point - horizontal scanning 

 
 

Figure 11 Estimated measured point in wall scanning 
 

 


