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Abstract

A 3D fiber tow-based analytical model incorporating shear-lag theory and a statistical strength distribution has been used to
simulate the tensile properties and predict the tensile strength of unidirectional hybrid composites. Also, we have developed an
expression of interfacial shear stress between tows for the simulation. The hybrid composites considered in this study contain
two different types of fiber tows (glass/epoxy and carbon/epoxy tows) that are intimately mixed in a random pattern throughout
the composite. The tow is defined as a fiber/matrix system (an impregnated tow) rather than a bundle of fibers. The properties
of the tows used in the analytical model are derived using the rule-of-mixtures from the properties of the constituent materials
and their volume fractions. For low levels of carbon fiber reinforcement, the low strain to failure of the carbon fibers can initiate
failure and actually have a detrimental effect on strength. Otherwise, the study indicates that there are no synergistic effects of
hybridization on the tensile properties, which consequently can be described for the most part using the rule-of-mixtures.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The development of composites containing more
than one type of fiber reinforcement (hybrid composites)
is motivated by the ability to combine advantageous fea-
tures of various fiber systems – improved performance
as well as reduced weight and cost. Understanding
how the mechanical properties of hybrid composites de-
pend on the constituents is important in approaching
the design requirements or in developing new hybrid
materials. To a large extent, these material properties
must be determined experimentally, so that if a change
in the hybrid composite design parameters is required,
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a high cost in time and materials is incurred. Therefore,
an analytical model or simulation is needed to predict
the properties of hybrid composites as a function of
their constituent properties. Two and three-dimensional
Monte-Carlo simulation techniques coupled with the
classical or modified shear-lag models have been widely
used for predicting the tensile properties of unidirec-
tional non-hybrid composites [1–4]. Also, the Monte-
Carlo study has been extended to intraply hybrid
composites that are formed by laying up prepreg sheets
containing different reinforcing fibers (macrocombina-
tion) [5,6]. All of these simulations considered several
individual fibers embedded in matrix and their interface
with the matrix in a limited representative volume
element (an ultra-small composite), which might not
extrapolate to the properties of a macro-composite. A
weak-link scaling technique was suggested to
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Fig. 1. Schematic cross-section of tow-based unidirectional hybrid
fiber composites.
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extrapolate the simulated strength of a small composite
to a macro-composite [7]. In the early 1990s, an analyt-
ical model based on the concept of global load redistri-
bution upon fiber fracture was developed to predict
ultimate strength of ceramic–matrix composites [8].
The numerical simulations have also been performed
to demonstrate the predictions.

The hybrid composites (or hybrids) considered in this
study contain different types of fiber tows (glass/epoxy
tows and carbon/epoxy tows) that were intimately
mixed throughout the resin matrix, without preferred
concentration of either type of fiber. This true blended
reinforcement (microcombination) will affect the com-
posite micromechanics, and the difference in mechanical
behavior between such a hybrid and non-hybrid or
intraply hybrid reinforcements may be appreciable.
Therefore, in this study, both a tow-based analytical
model and a tow-based 3D simulation (Monte-Carlo
method with the modified shear-lag theory) are devel-
oped to predict tensile properties and simulate the ten-
sile behavior of unidirectional hybrid composites. The
tow-based model/simulation is defined to mean that
the tow is treated as a minimal microstructure, and nec-
essary material properties input for the model/simula-
tion are based on the tow properties. The tow itself is
a fiber/matrix system (an impregnated tow) rather than
a bundle of fibers. The interfacial shear strength between
tows is assumed to be the shear strength of the matrix.
Thus, it is a two-phase instead of a three-phase model.

The advantage of the tow-based Monte-Carlo simu-
lation is that the simulated composite size can be much
larger, so that it becomes more representative of a real
composite (macro-composite) without using any scaling
techniques. This work is limited to a model hybrid com-
posite material with unidirectional glass and carbon fi-
ber systems in an epoxy matrix. The glass fibers have a
lower stiffness than the carbon fibers, but have better
strain at failure and are relatively inexpensive, while
the carbon fibers are stiff and have higher strength, but
are relatively expensive. The fiber content plays a major
role in the stress distribution of composites; therefore,
the hybrid composition (a, defined as the volume frac-
tion of carbon/epoxy tows out of the total fiber/epoxy
tows in the hybrid composite) is set as the primary var-
iable of interest, with the epoxy matrix content held
fixed. A few simulations were also performed using dif-
ferent values of the epoxy volume fraction with fixed hy-
brid composition to assess the effect of varying this
parameter on the tensile properties of the hybrid
composites.
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Fig. 2. Side view (a), and top view (b) of the hybrid composite (a
square array model). dc and dg are the size of carbon and glass tows,
respectively.
2. Tow-based simulation method

The theoretical and computational background for
the present study will be outlined briefly. First, a tow-
based 3D shear-lag model for the equilibrium of a tow
segment associated with the Monte-Carlo simulation
will be established. Also, the description of interfacial
shear stress between tows will be developed for the sim-
ulation. Second, the solution method in solving the equi-
librium equations will be discussed. The Monte-Carlo
simulation procedure will form the last part of this sec-
tion. Linearly elastic behavior is assumed in all cases.

2.1. Tow-based 3D shear-lag model and interfacial shear

stress between tows

In the simulation, the unidirectional hybrid compos-
ite (carbon/glass/epoxy, Fig. 1) under a tensile deforma-
tion (u0) in the longitudinal direction is composed of
I · J impregnated tows, and these tows are arranged in
square arrays (Fig. 2(a)). For the numerical differentia-
tion required in the simulation, each tow of the compos-
ite is partitioned into K segments of length Dz along the
longitudinal direction of the tow, which has total length
L (Fig. 2(b)). Therefore, considering the equilibrium of
each tow segment (Fig. 3(a)) based on the assumption
in the shear-lag model [2,3], one can obtain the govern-
ing equation of the equilibrium in the following form:

EA
d2u
dz2

þ d
X4

l¼1

sl ¼ 0; ð1Þ

where E, A and d are the modulus, cross-sectional area
and size of the tow, respectively; u is the displacement
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Fig. 3. Free-body diagram of a tow segment (a), and representative
segments for the shear stress analysis in the simulation (b).
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of the tow segment in the longitudinal direction; s is the
interfacial shear stress determined by the relative dis-
placement between the tow and its adjacent tows; and
l ranges from 1 to 4 since a square array is considered.

Based on a representative segment of the composite
(Fig. 3(b)), the interfacial shear stress between a tow
and matrix (s) can be written as follows:

s1=m ¼ G1ðu1 � u1=mÞ=
d1

2
¼ Gmðu1=m � umÞ=

dm

2
; ð2Þ

sm=2 ¼ Gmðum � um=2Þ=
dm

2
¼ G2ðum=2 � u2Þ=

d2

2
; ð3Þ

where the subscript 1, 2, and m correspond to tow 1, tow
2, and matrix as shown in Fig. 3(b). G is the shear mod-
uli. u1, u2 and um are the displacements at the centerlines
of the tow 1, tow 2 and matrix, respectively. u1/m,, um/2

are the displacement at the tow 1/matrix and matrix/
tow 2 interfaces. d1 and d2 are the tow size; dm is the dis-
tance between two adjacent tows. Both tow 1 and tow 2
can be either glass tows or carbon tows based on the
configuration. By assuming the shear stresses at left-
and right-hand sides are equal (i.e., s1/m = sm/2 � s),
and solving the simultaneous Eqs. (2) and (3) to elimi-
nate the parameters u1/m, um/2 and um, one can obtain
the interfacial shear stress (s) as

s ¼ 2G1G2Gmðu1 � u2Þ
G1Gmd2 þ 2G1G2dm þ G2Gmd1

. ð4Þ

If Gm � G1 and G2, the interfacial shear stress of Eq. (4)
can be further reduced to the classical shear-lag stress [9]
as

s � Gmðu1 � u2Þ
dm

. ð5Þ

In the current tow-based 3D Monte-Carlo simulation,
dm is set to be zero. Therefore, the s of Eq. (1) is ex-
pressed in the following form:

s ¼ 2G1G2ðu1 � u2Þ
G1d2 þ G2d1

. ð6Þ

This description of interfacial shear stress, which is
different from that used in conventional shear-lag mod-
els, will be incorporated into the proposed tow-based
Monte-Carlo simulation. Also, it is noted that Gm is
not present in the Eq. (6), since its effect on s is already
factored in through the impregnated fiber tows in the
simulation.
2.2. Solution method

Let the displacement for the segment (i, j, k) be de-
noted as ui, j, k with 1 6 i 6 I, 1 6 j 6 J and 1 6 k 6 K

(Fig. 2). Then, the differentiation of Eq. (1) can be
rewritten using the following finite difference form [1]:

d2ui;j;k
dz2

¼ ui;j;k�1 � 2ui;j;k þ ui;j;kþ1

ðDzÞ2
; ð7Þ

where the segment length (Dz) is usually chosen as the
magnitude of ten times the tow size [5,6]. When the rup-
ture of a tow segment occurs, Eq. (7) will change to [10]:

d2ui;j;k
dz2

¼
4 Hi;j;kþ1ðui;j;kþ1 � ui;j;kÞ � Hi;j;kðui;j;k � ui;j;k�1Þ
� �

ð2þ Hi;j;kþ1 þ Hi;j;kÞðDzÞ2

ð8Þ
with

Hi;j;k ¼
0; for ri;j;k > X i;j;k;

1; for ri;j;k 6 X i;j;k;

�
ð9Þ

where ri, j,k and Xi, j, k are the normal stress and the ten-
sile strength of the tow segment, respectively.

When the interfacial shear stress of the tow segment
(si, j, k) exceeds the interfacial shear strength (sm), deb-
onding will occur at the interface, and sm will subse-
quently become the friction stress (ss) at the
debonded interface. Thus, substituting Eq. (8) into
Eq. (1), we have

4E A Hi;j;kþ1ðui;j;kþ1 � ui;j;kÞ � Hi;j;kðui;j;k � ui;j;k�1Þ
� �

ð2þ Hi;j;kþ1 þ Hi;j;kÞðDzÞ2

þ d
X4

l¼1

sli;j;kð1� P l
i;j;kÞ þ P l

i;j;kf
l
i;j;kss

n o
¼ 0 ð10Þ

with

Pl
i;j;k ¼

0; if jsj 6 sm;

1; if jsj P sm;

�
ð11Þ

where the parameter fli;j;k determines the slide direction,
its value is either 1 or �1 according to the sign of the dif-
ference in the displacement between the corresponding
neighboring segments [11]. By incorporating appropri-
ate boundary conditions, Eq. (10) can be solved using
the successive over-relaxation method [12] to
obtain the displacement field of a boundary-value prob-
lem. The normal stress of the segment (i, j, k) can be ob-
tained through the following equation:

ri;j;k ¼ E
ui;j;k � ui;j;k�1

Dz
. ð12Þ
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Also, the average applied stress (rapp) exerted at the end
of the specimen (where k = K) is given by:

rapp ¼
1

I � J

XI

i¼1

XJ

j¼1

ri;j;K . ð13Þ
2.3. Monte-Carlo simulation procedure

In the Monte-Carlo simulation, the tow strength is
statistically described by the two-parameter Weibull dis-
tribution [12]:

F ðX Þ ¼ 1� exp � l
l0

X
r0

� �b
( )

; ð14Þ

where F(X) is the probability that the tow strength is less
than or equal to X; r0 and b are the Weibull scale and
shape parameters, respectively. Note that l0 is the origi-
nal gage length at which the fiber tow tension test and
the evaluation of Weibull parameters are conducted. l
is the tow length of interest and is taken as the segment
length (Dz) of Eq. (7). The simulation procedure, in gen-
eral, can be described as follows:

(1) Based on Eq. (14), the strength of each tow seg-
ment (Xi,j,k) with the length Dz is allocated as

X i;j;k ¼ r0 � l0
Dz

lnð1� F Þ
� �1=b

; ð15Þ

where the distribution function F is a uniformly
distributed random number ranging from 0 to 1.

(2) A uniform initial displacement field (u0) is applied
longitudinally at the boundary of the hybrid, and
the displacement of tow segment (ui, j,k) is obtained
through Eq. (7) using the successive over-relaxa-
tion algorithm; the interfacial and normal stresses
associated with the tow segment are calculated
from Eqs. (6) and (12) afterwards.
Table 1
Moduli of tow constituents

Properties Carbon Glass Matrix

Elastic modulus (GPa) 230.0 76.0 3.4
Shear modulus (GPa) 28.8 29.98 1.26

Table 2
Moduli of tows corresponding to different fiber volume fractions

Mechanical properties of tows Fiber volume fraction

50% 60%

Carbon Glass Carbon

Elastic modulus (GPa) 116.7 39.7 139.4
Shear modulus (GPa) 3.4 3.4 4.4
(3) Determine whether a tow break or interfacial deb-
onding of the tow segment has occurred. If not, go
to step 4. Otherwise, the governing equation is
resolved taking the breakage or debonding into
account. This step is repeated until equilibrium is
achieved for the current applied displacement.

(4) Increase the displacement with Du, and repeat
steps (2) and (3). An apparent stress/strain curve
can be constructed up to the rupture of the com-
posite when the stress drops suddenly, and the sim-
ulation process ends.
3. Results and discussion

Both carbon and glass tows were treated as two-
phase material systems with epoxy matrix and their cor-
responding fibers. The longitudinal moduli (E) required
in the Monte-Carlo simulation for each type of tow were
calculated from the rule-of-mixtures: E = mfEf + mmEm,
based on the constituent properties (reported mean val-
ues from the literature) listed in Table 1 [13,14]. mf and
mm are the volume fractions of fiber and matrix, respec-
tively; Ef and Em are the Young�s modulus of fiber and
matrix, respectively. The shear modulus of the tow (G)
was obtained through a modified rule-of mixtures be-
cause of the Poisson�s effect between the fiber and matrix
[15,16] as follows:

1

G
¼ 1

mf þ gsmm
mf

1

Gf

þ gsmm
1

Gm

� �
ð16Þ

with

gs ¼
1

2
1þ Gm

Gf

� �
; ð17Þ

where Gf and Gm are the shear modulus of the fiber and
matrix, respectively. The calculated tow properties for
different fiber volume fractions are listed in the Table 2.

The strengths of the epoxy-impregnated carbon tows
are described with the Weibull statistical distribution,
but the strength of the epoxy-impregnated glass tows
are assumed to be a constant value (equal to the strength
of glass/epoxy composite) [16] since the variability of the
strength of glass fiber tows is usually small compared to
that of carbon fiber tows (the Weibull shape factor of
70% 75%

Glass Carbon Glass Carbon Glass

47.0 162.0 54.2 173.4 57.9
4.4 5.8 5.8 6.8 6.9



Table 3
Material parameters associated with the strength of tows

Material parameters Fiber volume fraction

50% 60% 70% 75%

Weibull scale parameter of
carbon tow, r0 (GPa)

1.49 1.79 2.09 2.24

Weibull shape parameter of
carbon tow, b

15.0 15.0 15.0 15.0

Strength of glass tow (GPa) 0.82 0.97 1.13 1.21
Cross-sectiona area (mm2) 0.41 0.34 0.29 0.27

a Cross-section area is calculated based on 6000 fibers.
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Fig. 4. Predicted tensile strength as function of tow numbers in i- and
j-directions. The error bars represent the standard uncertainty from a
distribution of results due to the statistical strength distribution of
carbon tows.
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glass tows is much greater than 20). Both tows are as-
sumed to have the same cross-sectional area. Table 3 pro-
vides the parameters relevant to the strength and
geometry of tows for the different fiber contents used in
simulations. In the table, the Weibull scale and shape
parameters (r0 and b) of the carbon tows and the con-
stant strength of the glass tows (Sg) with 60% fiber vol-
ume fraction (mf) were obtained from the literature
[17,18]. The b was assumed to be independent of mf. For
the mf other than 60%, r0 was estimated proportionally,
and Sg was derived based on the following equation [19]:

Sg ¼ sgfvgf þ ðrmÞe@2%ð1� mgfÞ; ð18Þ

where (rm)e@2% is the matrix stress corresponding to a
strain of 2% (since it is assumed that the strain at failure
of the glass tow is 2%). sgf is the strength of the glass fi-
ber and equals 1.57 GPa, which is evaluated through Eq.
(18) by setting Sg = 0.97 GPa, mgf = 60%, and
(rm)e@2% = 0.068 GPa obtained from the literature
[18]. The interfacial shear strength (sm) between tows
was assumed to be equal to the shear strength of epoxy
(42 MPa). The friction stress (ss) at debonded interfaces
is assumed to be 10 MPa [7].

In order to validate the proposed tow-based Monte-
Carlo simulation, a predicted tensile strength from a
simulation for a unidirectional carbon fiber reinforced
polymeric (CFRP) composite was compared with exist-
ing experimental measurements reported in the litera-
ture [20]. The discrepancy between the prediction and
the measurement is less than 1%. The simulation of
the CFRP composite (non-hybrid composite) was
achieved by setting the glass tow properties to be the
same as the carbon tow properties. Also, if the parame-
ter J (Fig. 2) is set to be equal to one, a 2D simulation
can be obtained. It is found that the discrepancy in the
predicted tensile strength between the 2D and 3D simu-
lations of CFRP is about 7%, with the 2D result being
lower than that of the 3D result. This is reasonable since
the 2D simulation gives a higher stress concentration at
a broken tow than does the 3D simulation [4]. In per-
forming a calculation, the number of tows (I, J andK)
in the simulation should be large enough to make the
simulation more representative for the statistical distri-
bution of tow strength. Fig. 4 shows the predicted tensile
strength of the CFRP from 3D simulations as a function
of number of tows in the i and j-directions, where the
number of tow segments (K) in the k-direction is set to
be 50 (see Fig. 2). It is found that the maximum devia-
tion from a distribution of results (error bars, Fig. 4),
due to the statistical strength distribution of carbon
tows, approaches to a stationary value when the magni-
tudes of I and J are beyond 30. Therefore, in simulations
for predicting the strength of hybrid composites, the val-
ues for I and J were also chosen to be 30 and K = 50 so
that the simulated composite size is comparable to a
specimen size normally used in experiments.

Comparisons were also made between values deter-
mined from the Monte-Carlo simulation and previously
reported values [16] for the moduli of hybrid composites
with two different hybrid contents (a = 0.34 and 0.62).
The previously reported values were obtained through
finite element analyses (FEA) and experimental mea-
surement. Typical images of the hybrid composites used
in the experiments are shown in Fig. 5. The simulated,
FEA and experimental results for both hybrid contents
are listed in Table 4. The calculated moduli agree quite
well, validating the Monte-Carlo tow-based simulation
of hybrid composite behavior.

The hybrid composition (a) was set as a variable
ranging from 0% to 100% to examine the effect of
hybridization on the tensile properties. For a = 0%,
the composite corresponds to a non-hybrid glass/epoxy
composite (GFRP), and for a = 100%, the composite
corresponds to a non-hybrid carbon/epoxy composite
(CFRP). For most of the simulations, we assumed that
the volume fraction of epoxy matrix in both the glass/
epoxy and carbon/epoxy tows is 40%, while the hybrid
composition a was varied. This implies that the total
volume fraction of the epoxy matrix in the hybrid com-
posites is also 40%. Some other values of epoxy volume



Fig. 5. Typical micrographs of hybrid composite samples: cross-section (a), surface (b); the bright regions represent the glass/epoxy fiber tows and
the dark regions represent the carbon/epoxy fiber tows.

Table 4
Comparisons of hybrid composites modulus

Modulus a = 0.34 (GPA) a = 0.62 (GPA)

Monte-Carlo Simulation (3D) 3D FEA Exp. Monte-Carlo Simulation (3D) 3D FEA Exp.

E 90.8 90.2 83.3 120.7 122.0 101.6
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fraction with a fixed hybrid composition were also
examined in simulations to assess the importance of this
parameter.

Fig. 6 presents a typical simulated stress–strain rela-
tionship for composites with different hybrid composi-
tions (a = 0.5 and 1). Also shown in the figure is the
segment failure density, which is defined as the ratio of
failed tow segments to the total tow segments
(I · J · K) in the simulation, as a function of applied
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Fig. 6. Typical simulated stress–strain relationship and the segment
failure density as a function of applied strain for a = 0.5 (a), and a = 1
(b).
strain. The failure of a tow segment is indicated as either
an interfacial failure with adjacent tow segments or as a
tensile failure of the tow segment. One can note that,
when a = 0.5 (Fig. 6(a)), the number of failed segments
is much higher than when a = 1 (Fig. 6(b)). This is be-
cause the stress intensity induced at a broken tow in a
non-hybrid composite (such as a = 1) is lower than that
in a hybrid composite [21]. Also, the simulations indi-
cate that more segments in the hybrid composite fail
at the interface rather than through direct tension. In
contrast, for the non-hybrid composite, fewer segments
fail at the interface rather than in tension at lower
strains, but there is an abrupt increase of segments fail-
ing along the interface near the composite rupture point.
These trends continued in the simulations with different
hybrid compositions.

Fig. 7 shows the simulated longitudinal modulus
(symbols) obtained from the stress–strain curve (shown
in Fig. 6) as a function of hybrid composition. The solid
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composition.
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represent the standard uncertainty from a distribution of results due to
the statistical geometry distribution of tows.
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line is the result from a tow-based rule of mixtures,
which is defined as: E = Ecta + Egt(1 � a). Ect and Egt

are the moduli of carbon and glass tows, respectively.
Ect and Egt are obtained from the rule of mixtures based
on the moduli of fiber and matrix (Table 1) and fiber/
matrix volume fraction. In other words, by applying
the rule-of-mixtures twice based on their respective con-
stituents, one can obtain the modulus of hybrid compos-
ite. The results demonstrate that there is no synergistic
effect of the hybridization on the modulus. Similar find-
ings on the modulus through experimental studies were
reported in the literature [22]. Although, it is unneces-
sary to compare a numerical model with the rule-of-
mixtures for the evaluation of longitudinal modulus,
the good agreement in the results indicated in Fig. 7 val-
idates the computer program. This program is subse-
quently used for simulations to predict the tensile
strength of unidirectional hybrid composites.

In principle, the carbon tows (strain at failure � 1.1%
– obtained from both experiments and simulations on a
carbon-tow based composites) cannot elongate as much
as the glass tows (strain at failure � 2.0%), thus the car-
bon tows initiate local failure in the hybrid composite.
In our proposed tow-based model (a two-phase model)
for the Monte-Carlo simulation, the hybrid composite
strength can be related to the properties of the carbon
and glass tows in the same way that the non-hybrid
composite strength can be related to the properties of
the fiber and matrix. Therefore, similar to the relation-
ship set up for non-hybrid composites [20], we propose
to express the strength of the hybrid composite (Sh) as

Sh ¼ Scaþ ðrgÞe@1.1%ð1� aÞ; ð19Þ

where Sc is the carbon/epoxy tow strength; (rg)e@ 1.1% is
the stress state of glass/epoxy composite at 1.1% of
strain (e), which corresponds to the strain at failure of
carbon tow. For small values of the hybrid composition
(a), there may not be enough carbon tows to cause fail-
ure of the hybrid composite. In such cases, Sh should be
governed by the strength of glass/epoxy composite (Sg)
and should be approximated by:

Sh ¼ Sgð1� aÞ. ð20Þ
It should be noted that Sh, Sc and Sg correspond to the
same volume fraction of resin. And the minimum hybrid
composition (amin) for the validity of Eq. (19), which can
be obtained from:

amin ¼
Sg � ðrgÞe@1.1%

Sc þ Sg � ðrgÞe@1.1%
. ð21Þ

By imposing the condition Sh > Sg, one can attain the
critical hybrid composition (acr) that must be exceeded
in order to gain the hybrid reinforcement:

acr ¼
Sg � ðrgÞe@1.1%
Sc � ðrgÞe@1.1%

. ð22Þ
Fig. 8(a) displays the predicted strengths of hybrid
composite resulted from Eqs. (19) and (20) as a function
of hybrid composition (two segmented solid lines; the
epoxy volume fraction was assumed to be 40%). The
composite strengths for a equivalent to 0% and 100%
match the strengths of GFRP (0.97 GPa) and CFRP
(1.52 GPa), respectively. The hybrid composition corre-
sponds to the intersection of these two solid lines is amin.
Also shown in Fig. 8(a) are the simulated results (sym-
bols). The graphical displays of the strength variability
for these symbols are the outcome from the statistical
geometry distribution of tows in the simulation, which
will be discussed later. From the results in Fig. 8(a), in
general, there is a consistent trend between the analyti-
cally predicted and simulated tensile strengths. The re-
sults (either from the prediction or the simulation)
indicate that the tensile strength of hybrid composites
is lower than that of the glass/epoxy composite (non-
hybrid) for small values of a (say a < amin). In such a
hybrid composite, the elongation is controlled by the
glass-tow elongation, and all carbon tows break due to
the large hybrid composite elongation (Fig. 8(b)).
Accordingly, the strength of the hybrid composite is
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Fig. 9. A typical cross-section of a hybrid composite with random
array of carbon and glass tows (a = 40%).
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actually controlled by the strength of the glass tows.
Consequently, as shown in Fig. 8(a), the hybrid compos-
ite strength decreases as a increases (because the glass-
tow fraction is decreasing). Although the elongation of
the hybrid composite is controlled by the elongation of
carbon tows when amin < a < acr (Fig. 8(b)), the tensile
strength of the stiffened hybrid composite is still lower
than the inherent strength of a non-hybrid glass/epoxy
composite. When a > acr, the hybrid composite gains
strength over a non-hybrid glass/epoxy composite from
having enough carbon-tow reinforcement.

The value of amin from the simulation is a smaller va-
lue (�0.05) than the predicted value (�0.25) obtained
from Eq. (21), and the simulated strength is significantly
lower than the predicted strength when a < 0.25. This is
due to the consideration of stress concentrations in the
simulation not accounted for in the prediction. These
stress concentrations are induced by the carbon-fiber
breakage at relatively low strain. Therefore, the ran-
domly distributed carbon tows in a glass-tow dominated
composite act as randomly distributed flaws in the com-
posite. These flaws are the nucleation sites for glass-tow
failure at a low level of loading (deformation). Also, it is
noticeable that there is reasonably good agreement be-
tween the predicted and simulated strengths of the hy-
brid composite when a > 0.25. Consequently, there is
virtually no discrepancy between the values of the pre-
dicted and simulated acr. The slight discrepancy between
the simulated and the predicted strengths results from
the interfacial shear strength between tows and the sta-
tistical distribution of tow strength in the simulation.

Recall that the hybrid composite used in this study
contains fiber tows randomly placed rather than being
packed in a regular pattern as shown in Fig. 2. There-
fore, similarly to the statistical strength distribution of
the carbon tow, in the simulation the arrangement of
carbon and glass tows in the hybrid composite was also
set into a random array according to the Monte-Carlo
method (a statistical geometry distribution). A typical
cross-section of a composite with a random array of
tows was shown in Fig. 9. It is found that the coefficient
of variation (ratio of the average strength dispersion to
the average strength) of twenty random arrangements of
tows is less than 1% (Fig. 8(a)). This implies that the
strength of a hybrid composite is not sensitive to the
random arrangement of tows, and also indicates that
tows do not interact strongly (no synergistic effect), so
that the strength of a hybrid composite should follow
a simple rule-of-mixtures.

In order to make our findings more general, the effect
of matrix volume fraction on the hybrid composite
strength is also examined using the Monte-Carlo simula-
tion. Fig. 10 displays the variation of tensile strength
with matrix volume fraction for the hybrid compositions
equal to 0.05 and 0.5. Also shown in the figure as a ref-
erence are the simulated tensile strengths for CFRP and
GFRP composites. One can see from the figure that the
composite strength decreases as the matrix volume frac-
tion increases. More importantly, from the parallel
trends of the strength (within the uncertainty of simu-
lated results) shown for the non-hybrid composites
and the hybrid composites, one can see that the effect
of matrix on the composite strength is independent of
the hybrid composition. And we can infer that the ma-
trix volume fraction of a hybrid composite does not
influence the values of amin and acr predicted by Eqs.
(21) and (22). This further demonstrates that the interac-
tions among tows are simple without any synergistic
effect.
4. Conclusions

By mirroring the relationship of fiber/matrix in non-
hybrid composites, we have incorporated the rule-
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of-mixtures into a tow-based concept to develop an ana-
lytical model for predicting the tensile properties (stiff-
ness and strength) of hybrid composites containing
different unidirectional fiber tows intimately mixed
throughout the composite. A Monte-Carlo method was
employed to incorporate a statistical distribution of
strength along with a random arrangement of tow geom-
etries to numerically simulate the tensile properties. The
tow-based model and simulation treat impregnated tows
as minimal microstructures. Also, we have formulated
the interfacial shear stress between tows and incorpo-
rated it into the simulation. Good agreement between
the predictions and simulations on the tensile properties
demonstrates the simple interaction among different fiber
tows in the hybrid composites – there is no synergistic ef-
fect of hybridization on the tensile properties. Conse-
quently, the tensile properties of hybrid composites are
well predicted using the rule-of-mixtures. Thus, once
constituent properties and volume fractions of tows are
determined, the tensile properties of composites with
any hybrid content can be calculated.

Notably, that the addition of small amounts of car-
bon does make the material stiffer, but dramatically re-
duces the strength of hybrid composites. Also, our study
indicates that intraply hybrid has a slightly lower
strength than the equivalent random hybrid, as the fail-
ures would propagate more rapidly into the adjacent
carbon layers causing overall failure at lower strains.
Therefore, the random hybrid is in some sense a better
choice. Finally, although the study deals solely with
glass/carbon hybrid composites, the proposed analytical
model for predicting the tensile properties and general
observations in the study should be valid for any type
of hybrid construction.
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