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T
hin films of carbon nanotubes (CNT)
have been studied as viable semi-
conductors,1 chemical sensors,2,3

and transparent conductive coatings.4,5 The

attractive feature of these materials is that

the addition of a relatively small amount of

nanotubes can have a profound influence

on the conductivity, optical, and mechani-

cal properties. The conductivity percolation

threshold is the critical concentration where

the conductivity of the networks changes

dramatically. Because of their high aspect

ratio, carbon nanotube networks have one

of the smallest percolation thresholds

among known materials. The percolation

threshold of these network scales inversely

to the aspect ratio of the CNTs. Thus, perco-

lation can occur at concentrations of CNTs

of much less than 1% by volume or area in

three and two dimensions, respectively. At-

tractive electronic properties of single-

walled carbon nanotubes (SWCNT) moti-

vate the development of field-effect

transistor configurations with the SWCNT

films as an active channel material. In these

efforts, the channel length is typically com-

parable to tube length,6,7 and thus a small

number of tubes renders the whole net-

work conducting. Networks with a random-

ized orientation of nanotubes show higher

conductivities than those made of perfectly

aligned tubes.8,9 Near the percolation

threshold, the conductivity exhibits a power

law dependence on the network geometri-

cal parameters, but the values of the critical

exponents are nonuniversal. Rather, they

are dependent upon the geometrical con-

figuration of the device.9 Moreover, the

length distribution of the CNTs used is gen-

erally broad and often poorly character-

ized. Consequently, these configurations,

while interesting, do not comply with the
classical percolation model. This makes it
difficult to develop an understanding of the
phenomena that control the overall optical
and electrical properties of thin carbon
nanotube networks, which presents a chal-
lenge in the design of new materials for
transparent electronics and other
applications.

Here, we investigate the electrical con-
ductivity and optical transparency percola-
tion transitions as a function of the length
of carefully fractionated and purified
SWCNTs10,11 in layers that are thin enough
to be idealized as two-dimensional (2D) net-
works. These percolation transitions are
contrasted with those in polydisperse
SWCNT layers that we find are better de-
scribed as three-dimensional (3D) SWCNT
networks. Our theoretical description of the
conductivity and optical percolation of
SWCNT networks relies on generalized
effective medium (GEM) theory,12 which
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ABSTRACT We study the optical and electrical properties of transparent conducting films made from length-

sorted single-wall carbon nanotubes (SWCNT). Thin films of length-sorted SWCNTs, formed through filtration from

a dispersing solvent onto a filter substrate (“buckypaper”), exhibit sharp changes in their optical properties and

conductivity (�) with increasing SWCNT surface concentration. At a given surface concentration, tubes longer than

200 nm are found to form networks that are more transparent and conducting. We show that changes of � with

SWCNT concentration can be quantitatively described by the generalized effective medium (GEM) theory. The

scaling universal exponents describing the “percolation” transition from an insulating to a conducting state with

increasing concentration are consistent with the two-dimensional (2D) percolation model. Shorter tubes and

mixed length tubes form 3D networks. Furthermore, we demonstrate that the conductivity percolation threshold

(xc) varies with the aspect ratio L as, xc � 1/L, a result that is also in accordance with the percolation theory. These

findings provide a framework for engineering the optical and electrical properties of SWCNT networks for

technological applications where flexibility, transparency, and conductivity are required.

KEYWORDS: carbon nanotubes · buckypaper · percolation · 2D
networks · conductivity · optical properties
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combines the features of percolation theory and the ef-
fective medium theory without assuming an infinite
property contrast between the additive and the matrix
material. In a previous paper, we applied the GEM theo-
retical framework to describe polymer nanocompos-
ites of multiwall carbon nanotubes and polypropylene
subjected to steady shear.13 In the present paper, we
show that GEM theory continues to perform well when
applied to quasi two-dimensional carbon nanotube
films. We anticipate that this type of characterization
of property change in buckypaper layers will aid in the
design of new materials for developing transparent
electronics and other applications.

RESULTS AND DISCUSSION
Our materials (buckypaper) are made from well-

dispersed aqueous suspensions of length-sorted
SWCNTs via a vacuum filtration onto nanoporous mem-
branes. Figure 1 shows absorbance spectra of SWCNTs
in liquid suspensions normalized to the baseline
�-plasmon absorbance at 775 nm.

The mean lengths of the fractions used were 820,
210, and 130 nm. In the spectra, the absorption bands
at 850�1450 nm and at 500�850 nm are due to E11

s

and E22
s interband electronic transitions in semiconduct-

ing tubes;14 the absorption bands between 420 and
520 nm are due to electronic transitions in metallic
tubes E11

m , while the 340�400 nm band corresponds to
the E33s transition in semiconducting tubes.14�17 The
longer tubes display stronger electronic transitions, al-
lowing for the projection of the average SWCNT
length.11 The spectra indicate that the chirality distribu-
tion is nearly equivalent in all samples, where �1/3 are
metallic.4,16,17 Raman scattering studies performed on
the length-sorted fractions of SWCNT indicated that
these fractions represent a low level of defects. The ra-
tio of the D to G band intensities was about 0.02 for frac-
tions above 200 nm and decreased with increasing
SWCNT length, consistent with the end cap effect. This
illustrates that the D band, often associated with defect

density, was negligibly small for these length-sorted
fractions.17

The SEM image shown in Figure 2a is representa-
tive of a 2D network of nanotubes having a mean
length of 820 nm. The network is near the percolation
threshold, when surface density is about 0.02 �g/cm2

(see below). The connectivity length seen in Figure 2a is
about 500 nm. The nanotubes do not exhibit excessive
bundling or reagglomeration upon deposition and
rinse removal of surfactant as deposited on the surface
of the membrane. The SWCNTs make a continuous net-
work in spite of areas where membrane pores are ob-
served. In Figure 2b, the mixed length tubes form a
three-dimensional network. The surface density of
these mixed length tubes is about 1.4 �g/cm2, which
is well above the percolation threshold.

The optical properties of the thin SWCNT film
samples were evaluated by measuring a combination
of reflectance and absorbance using a diffuse reflec-
tance accessory kit on our spectrophotometer. This pro-
cedure allowed us to determine the optical characteris-
tic directly without transferring the film onto a
transparent substrate, while preserving the random
structure of the network formed during the vacuum fil-
tration process. The spectra in Figure 3 are shown for
selected SWCNT solid films for unsorted samples and
for fraction lengths of 130, 210, and 820 nm. The spec-
tra are referenced to the reflectance of the membrane
without the tubes and, therefore, correspond directly to
the transmittance (T) of the SWCNT films. These SWCNT
films are about 20 nm thick, approaching a conductiv-
ity plateau above the percolation threshold, while their
transparency is about 85�90% at the wavelength of
775 nm. The absorption peaks that appear in the NIR

Figure 1. Optical absorbance spectra of length-sorted
SWCNT in aqueous suspensions for the following tube
lengths and concentration: (a) 820 nm, 0.0078 mg/mL; (b)
210 nm, 0.036 mg/mL; and (c) 130 nm, 0.1125 mg/mL.

Figure 2. Scanning electron microscope images of SWCNT
films for the following tube lengths and surface densities: (a)
820 nm, 0.02 �g/cm2; and (b) mixed length, 1.4 �g/cm2.
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and in the visible range of the spectrum are character-

istic of specific tube chiralities. E11
s and E22

s are due to

electronic interband transitions rising from semicon-

ducting tubes, while E11
m are electronic transitions from

metallic tubes, which are similar to those shown in Fig-

ure 1 for the length-sorted nanotubes in liquid suspen-

sion. The absorption features, E11
m , attributed to the me-

tallic chirality is estimated to comprise about 30% of the

sample. We note that the normalized intensities of the

absorption peaks in the films are lower than those in

suspensions shown in Figure 1 for the corresponding

tube length. The effect of decreasing intensity of the

characteristic electronic transitions in the network is

likely due to interactions between interconnecting

tubes. Diminished absorbance intensities can likewise

be attributed to doping by oxygen from the ambient at-

mosphere. These effects should be present in our films

where the protective surfactant coating has been rinsed

away. The E11
s transitions are affected more strongly

than E22
s .

Figure 4 shows the correlation plot between the op-

tical absorbance, a � � log(T), at the wavelength of

775 nm and surface concentration of tubes forming the

network. It demonstrates that the optical nonresonant

absorption increases nearly linearly with concentration
regardless of the tube length. A similar relationship
holds for the films made of tubes of mixed length.

By changing the concentration of SWCNTs, the sheet
conductivity (�s) of our 2D networks changes by 6 or-
ders of magnitude, from 10�11 S-square to about 10�5

S-square as shown in Figure 5. Our �s values obtained
for thicker SWCNT films are in the range of about 0.001
S-square, which is somewhat lower though compa-
rable to the conductivity values reported for transpar-
ent electrode materials made of carbon
nanotubes.4,18,19 In contrast to optical absorption,
which increases in linear proportion to the surface con-
centration, the sheet conductivity increases dramati-
cally at low concentrations and saturates above a cer-
tain critical concentration. The overall character of the
conductivity plots is characteristic of a percolation tran-
sition. Films made of mixed length tubes show the low-
est conductivities, with the percolation transition tak-
ing place at higher concentration. With increasing tube
length, the network conductivity increases and the per-
colation conditions for �s shift to lower concentra-
tions. We also see that the crossover transition from
the insulating to the conducting state occurs in a nar-
rower concentration range. In the case of 820 nm
length tubes, the characteristic step rise in conductiv-
ity takes place within a very narrow concentration range
of about 0.008 �g/cm2.

We determined the conductivity percolation con-
centration, xc, and the critical percolation exponents, s
and t, in relation to the tube length by analyzing the �s

data in terms of the generalized effective medium
theory (GEM):12

(1 - x)
σi

1⁄s - σs
1⁄s

σi
1⁄s + Aσs

1⁄s
+�

σa
1⁄t - σs

1⁄t

σa
1⁄s + Aσs

1⁄t
) 0 (1)

where x is the tube concentration, A is a parameter re-
lated to the percolation concentration, A � (1 � xc)/xc,
�i � 10�11 S-square is the sheet conductivity of the in-

Figure 3. Optical reflectance of SWCNT networks for the fol-
lowing tube lengths and surface densities: (a) 820 nm, 0.434
�g/cm2; (b) 210 nm, 0.517 �g/cm2; (c) 130 nm, 0.564 �g/
cm2; and (d) mixed length tubes, 0.455 �g/cm2.

Figure 4. Optical absorbance at 775 nm as a function sur-
face concentration for length-sorted SWCNTs.

Figure 5. Conductivity as a function of surface concentra-
tion for length-sorted SWCNTs. The lines represent the fit-
ted conductivities to the GEM percolation model.
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sulating matrix, and �a is the sheet conductivity of the

network forming conducting additive (i.e., SWCNT). The

strengths and limitations of GEM theory for describing

the conductive properties of CNTs are discussed in our

former paper,13 and we apply the method without re-

peating this discussion here. From the asymptotic char-

acter of the experimental data at high SWCNT concen-

trations, we determined �a to be in the range of 5 �

10�5 S-square. Equation 1 fits our data well, and we

then deduce xc and the percolation exponents t and s

using a nonlinear least-squares routine. The conductiv-

ity of the network in the high concentration limit is not

equivalent to that of an isolated tube.13 Rather, �a de-

pends on the contact resistance between the

CNTs20�22 and other factors4 that are not addressed in

the simple GEM model. The critical percolation param-

eters obtained from eq 1 are summarized in Table 1 for

the three different tube lengths. Interestingly, the uni-

versal percolation exponents t and s for the 820 nm and

210 nm tubes have similar values. These values are

close to those theoretically expected for a large con-

ducting 2D network,23�26 where s � t � 1.3.

Kholodenko and Freed27 argue for the exact 2D expo-

nent value, 23/18 � 1.28. Thus, we find experimental

evidence that our SWCNT networks can be described

as nearly two-dimensional and that GEM percolation

theory provides quantitative description of conductiv-

ity changes in these materials through the conductiv-

ity percolation transition. We note that the critical con-

ductivity percolation concentration that we observe

experimentally for the 820 nm tubes (xc � 0.018 �g/

cm2) is one of the smallest reported to date.

The data in Table 1 indicate that the universal perco-

lation exponents (s and t) obtained for networks made

of the shorter tubes, and especially films formed with

mixed length tubes, differ from values predicted for the

2D networks. Rather, they are found to be in accord

with those predicted by GEM theory in 3D, s � 0.8 and

t � 2.0. This indicates that an increasing fraction of

SWCNT connections are being made in the third dimen-

sion in these short tube networks.25,26,28

The variation of the percolation threshold with the

tube aspect ratio can be further understood on the ba-

sis of percolation and effective medium theory con-

cepts. A polynomial expansion of the conductivity �s

for a two-dimensional layer containing arbitrarily ori-

ented particles of fixed and identical shape relative to

an insulating layer without the particles is given by eq

229

(σs ⁄ σi) ) 1 + [σ]∞x + O(x2) (2)

where in 2D the leading virial coefficient [�]	 repre-

sents intrinsic conductivity of circular conducting

discs.30 Reference 29 provides results for numerous spe-

cial cases and shows that [�]	 for arbitrary shaped par-

ticles can be generally related to the particle transfinite

diameter. Accordingly, for an elliptic shaped particle

having aspect ratio L, [�]	 is given by eq 3:

[σ]∞ ) (1 + L)2 ⁄ 2L (3)

The percolation transition concentration xc can be

estimated based on the conditions that the leading cor-

rection to the conductivity becomes on the order, [�]	x

� 0(1), a Ginzburg criterion.30,31 This condition, along

with eq 3, implies the general scaling relation for the

conductivity percolation concentration in 2D for slen-

der particles is

xc(slender particle) ∼ 1 ⁄ L (4)

Equation 4 suggests that, in networks exhibiting 2D

percolation transition, increasing the CNT length by a

factor of 820 nm/210 nm � 3.9 should decrease the cor-

responding percolation threshold xc by a similar factor.

Table 1 indicates that xc is indeed reduced by a factor of

4.0 in our buckypaper films, in quantitative agreement

with eq 4. In a similar fashion, xc can be predicted for

particles having arbitrary shape.31,32 Thus, we find that

the optical characteristics of the length fractionated

SWCNTs are distinct from unsorted polydisperse

SWCNTs.

Projecting the percolation conductivity plot (Figure

5) onto the linear plot of optical absorbance (Figure 4)

indicates that the direct correlation between the off-

resonant �-plasmon absorbance and the network con-

ductivity will obey the percolation model (eq 1). In par-

ticular, primarily the universal percolation exponents

will govern the optical absorbance of thin SWCNT films.

This result is quantitatively different and more univer-

sal than that adopted for SWCNTs based on the optical

properties of thin metallic films below the diffraction

limit.5,33 The characteristic electronic transitions giving

rise to chirality specific absorption bands are magnified

in longer tubes. The longer fractionated tubes are both

more transparent and conducting at the same surface

coverage. The universal percolation exponents ob-

tained for the long length tubes conform well to the

predictions of GEM percolation theory in 2D. Again, the

critical conductivity percolation concentration of 0.018

�g/cm2 in these 2D networks is the lowest reported to

TABLE 1. Percolation Parameters of SWCNT Networks in
Relation to the Tube Length

tube length (nm) s t xc (�g/cm2)

820 1.25 
 0.4 1.35 
 0.1 0.018 
 0.01
210 1.25 
 0.5 1.38 
 0.1 0.072 
 0.07
130 1.2 
 0.8 1.9 
 0.1 0.095 
 0.07
230 (mixed length) 0.8 
 0.6 2.1 
 0.1 0.15 
 0.1
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date. Short and mixed length tubes (Table 1) form net-
works for which the universal percolation exponents
are consistent with the 3D percolation model. These ob-
servations indicate that considerable control on the
conductivity and optical properties can be obtained by

adjusting SWCNT length, concentration, and polydis-
persity. The GEM percolation theory provides a conve-
nient framework for describing and engineering these
changes for nanotechnology applications, exploiting
these novel materials.

EXPERIMENTAL METHODS
Single-walled carbon nanotubes, SWCNTs, grown by the

cobalt�molybdenum catalyst (CoMoCat) process, were pur-
chased from Southwest Nanotechnologies, Inc. (S-P95-02 grade,
batch NI6-A001).1 The SWCNTs were dispersed at 1 mg soot/mL
in a 2% mass fraction of sodium deoxycholate (DOC) aqueous
surfactant solution via sonication (tip sonicator, 0.64 cm, Tho-
mas Scientific) for 1.5 h in an ice water bath at 1 W/mL applied
power. Post-sonication purification was performed by centrifu-
gation at an acceleration of 21 000 � 9.81 m/s2 (21 � 103 G) for
2 h to pellet the non-SWCNT carbonaceous and catalyst impuri-
ties. The collected supernatant contained primarily individually
dispersed SWCNTs. In order to separate the purified SWCNTs by
length, we used a dense liquid centrifugation method.11 Density
layers were formed directly in the centrifuge tubes by layering
appropriate concentrations of iodixanol (Sigma Aldrich
Inc.)�deoxycholate solutions such that the density of the sur-
rounding medium (��layer) is larger than that of the tubes (��layer



 ��SWNT) in all layers. The difference in scaling with length of
the hydrodynamic and buoyancy forces on the individual
SWCNTs was then used to generate length separation under
high acceleration. Separation was performed in a SW-32 rotor us-
ing a Beckman Coulter L80 XP ultracentrifuge at 1445 rd/s for
70 h. Typically, 16 individual fractions were collected after centri-
fuging, by hand-pipetting in 1.5 mL increments from the top.
From these, we selected three fractions having mean tube
lengths of 820, 210, and 130 nm, respectively. After the length
separation, the SWNT mass fraction improves considerably to
better than 95%. We also used the purified unsorted SWCNT sus-
pension, which had a mean tube length of �220 nm and a stan-
dard deviation of �20. However, the length distribution of this
sample is approximately a log-normal and contains a broader
distribution of tubes of varying length (mixed length fraction).
This was our model polydisperse sample. Length fractions were
dialyzed after separation against 0.8% DOC solution to remove
the remaining iodixanol and to reduce the total surfactant
concentration.

The average length (L) of the fractionated SWCNTs was char-
acterized by atomic force microscopy (AFM) and transmission
electron microscopy (TEM) and was verified by the intensity of
the electronic absorption peak at 984 nm on the NIR spectrum.11

The combined relative uncertainty of L mean value was approxi-
mately 10%, while each fraction distribution had a standard de-
viation value of about 20%.

The optical absorbance spectra of the SWCNT aqueous sus-
pensions in the UV�vis�NIR range (300�1800) nm were ob-
tained using a Perkin-Elmer Lambda 950 UV�vis�NIR spectro-
photometer.

Fractionated SWCNTs were then deposited on the surface
of a porous cellulose ester membrane, diameter of 47 mm, with
0.05 �m diameter pore size (Millipore), via a vacuum filtration
process.2 The active area of the membrane surface was 10.2 cm2

(diameter 36 mm). A mixture of isopropanol and deionized wa-
ter (1:4) by volume was used to “condition” the membranes and
to rinse away the deoxycholate surfactant. The concentration
tubes in fractionated suspensions were typically between 0.05
and 0.1 mg/mL, determined by weighing the tube deposit on a
microbalance after dialyzing and evaporating a fixed volume of
fractionated suspension. The networks’ surface density was con-
trolled by varying the volume of the fractionated suspension us-
ing a micropipette (Oxford Benchmate), then diluting the sus-
pension with DI water to obtain 2 mL of dilute suspension. The
deposited SWCNTs from the dilute suspension formed a random
network on the surface of the membrane. The samples were
then dried at 50 °C for 24 h under nitrogen atmosphere. The sur-

face density of these networks was in the range of 0.01 to 2.0 �g/
cm2 with the combined relative uncertainty of 30%.

The optical characteristics of the SWCNT networks were de-
termined by measuring the diffuse optical reflectance in the
wavelength range of 300�1800 nm, using a diffuse reflectance
accessory kit for the Lambda 950. The reflectance spectra were
normalized to the reflectivity of the filter membrane without
SWCNTs, which we used as a nonabsorbing reference. Thus, the
spectra primarily represent the absorbance of the conducting
SWCNT film.

The scanning electron microscopy images of the deposited
SWCNT networks were obtained using a Hitachi S4700 field emis-
sion scanning electron microscope.

To measure the electrical characteristics of the network films,
an interdigitated gold electrode pattern was deposited directly
on top of the SWCNT network through a shadow mask. Electri-
cal measurements were analyzed in terms of complex imped-
ance, yielding the impedance magnitude (|Z*|) and the corre-
sponding phase angle (�) over the frequency range of 40�10
MHz by using a four-terminal fixture attached to an Agilent
4294A precision impedance analyzer.13 The impedance ana-
lyzer was calibrated with a standard extension adapter to short,
load, and open standards. The real part (�=) of the complex sheet
(surface) conductivity was determined from the measured im-
pedance normalized by the geometry of the electrode pattern

σ ' ) [1 ⁄ (|Z * |cos(θ))](1 ⁄ d)

in units of (�/square)�1 or Siemens-square (S-square). Here, l is
the total length of the finger electrodes, and d is the distance
between the fingers. In our measurements, l � 9 cm and d � 800
�m. The thickness of the deposited gold electrodes was about
0.1 �m. The lowest measurable sheet conductivity in our
system was �= � 5 � 10�12 S-square at 100 Hz. The sheet
conductivity of dried blank membrane substrates, without
carbon nanotubes, was typically below 10�11 S-square at 100
Hz. The combined relative experimental uncertainty of the
measured conductivity magnitude was within 4%, while the
experimental uncertainty of the phase angle measurements
was about 
0.5°. The sheet conductivity �= of our SWCNT
films is frequency dependent but at the lowest frequencies
exhibits a plateau that persists up to crossover frequency of
�s. Throughout our paper, we denote this frequency
independent real conductivity �=(� ¡ 0, � � 0) as �s. At
higher frequencies, � 
 �s, we observe that �= increases with
increasing frequency according to power law, �= � �n, which
is commonly described as a “universal” property of
disordered solids and applicable to a broad range of
semiconducting materials, conductor�dielectric mixtures,
and composites.7,13

Note: Certain equipment, instruments, or materials are iden-
tified in this paper in order to adequately specify the experimen-
tal details. Such identification does not imply recommendation
by the National Institute of Standards and Technology nor does
it imply the materials are necessarily the best available for the
purpose.
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