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Entangling Light in its Spatial Degrees of Freedom with
Four-Wave Mixing in an Atomic Vapor

Vincent Boyer,* " Alberto M. Marino,”

_The entanglement pmpertles of two ‘heamis of hght can, resnde
in subtle correlations that exist. in the unavmdable quantum'
: fluctuatlons of their: amphtudes and phases Recent, advancesﬁ-
i the generat:on of: nonclasszcal nght with four -wave: mlxmg'-'
lI'l an atomlc vapor have perm!tted the product;on and the ob~ -

1. Introduction

When recorded with sensitive detectors, light reveals its guan-
tum nature through the fluctuations in its observable proper-
ties, such as the amplitude and the phase. These fluctuations
are the consequence of the Heisenberg uncertainty principle,
and illusirate the probabilistic nature of quantum mechanics.
Often referred to as shot noise, they were long regarded as a
hindrance, limiting the accuracy of optical measurements and
the signal-to-ncise ratic of optical signals. This contrasts with
classical electromagnetism, which does not account for these
limitations and therefore may seem to describe a more perfect
world. In the 1980s, progress in quantum optics showed that it
is possible to get around the shot noise limit of a given ob-
servable by creating so-called squeezed states of light.!

More recently, it was reaiized that by aliowing correlations
to exist between the quantum fluctuations of distinct sys-
tems-—they are then said to be entangled-—quantum mechan-
ics actually enables new possibilities beyond classical mechan-
ics, such as fundamentally secure communications and in-
creased information processing power®! Because of the unique
properties of the electromagnetic field, such as fast and loss-
less propagation, quantum optics naturally finds its place in
the new fieid of gquantum information processing.

In conventional gquantum optics, a beam of light is regarded
as a single guantum ohject, described by the amplitude and
the phase of its eleciric field. Quantum imaging brings the
transverse spatial dimension into the problem and considers
the fluctuations of the electric field at sach point of the cross-
section of the fight beam: Various regions can have different
quantum fluctuation properties This augments the capacity
of the beam as a vector of quantum information and opens
the door to improved optical measurements in imaging and
positioning applications.

Herein, we review what it means for two beams of light to
be squeezed or entangled, and we show how such beams can
be created by four-wave mixing {dWM) in an alkali vapor. Ad-
vances in this techno!ogy have made It possible to directly ob-
serve entangled images™ that is, beams of light that display
entanglement between arbitrary regions, or spatial optical
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_'servatlon of entanglement that is localized in almost arbitrary
-;-transverse ‘regions of 'a pair of beams These multi-spatial-
_mode entang!ed beams iy prove useful for an afray of appli-
:'cat;ons ranging from nosse-free |magsng and |rnprcved posi-
. tion sensmg 0 quantum mformataorm processmg

modes, of their transverse profiles, We will conciude by pre-
senting possible applications of these multi-spatial-mode
heams to the detection of weakly absorptive objects, beam
positioning and guantum infarmation processing.

2. Entanglement of Light

The electric field of a monochromatic light wave of frequency
w can be classically described by an amplitude A and a phase
¢ or, equivalently, as the sum of a sine and a cosine which are
referred to as the quadratures of the field, as in Equation (1)

E(t) x Acos (wt + ¢) = X coswt + ¥ sinwt 1}

In quantum mechanics, nor-commuting observables X and ¥,
called the quadrature operators, correspond to the coefficients
X and Y. They are much like the position and the momentum
of a particle, and thelr commutator is given by Equation {2):%

kY] =if2 (2)

From Equation (2), one can deduce a Heisenberg inequality
on the uncertainty of these conjugate variables, as in Equa-
tion (3}

(ARMY(AY?) = 1/16 (3)
where (AX?) and {AY?) denote the variances of the observa-

bles X and ¥, respectively. This indicates that one cannot meas-
ure simultaneously both guadratures of a light field with infin-
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ite precision. A special case of a minimum-uncertainty state is
the coherent state, which is the cutput of a very quiet laser
and the best approximation we have of a classical menochro-
matic wave. Its uncertainty is evenly shared between the con-
jugate variables so that Equation (4) can be written:

(AX?) = (AV")y = 1/4 (4)

When light is detected, this translates into noise on the electri-
cal signal coming from the photodetectors. The uncertainty in
Equation (4) is calied the standard quantum limit (SQL), and is
responsible for the shot noise level {(Figure 1a). It is possible to
prepare minimum-uncertainty states called squeezed coherent
states for which one guadrature is iess noisy than the 5QL at
the expense of the other guadrature, so that the equality in

Figure 1. Phase evolution of the electric field for single-mode {b.c) and two-
mode {d-g} squeezing. The blurring of the traces represents the quantum
noise, a) Coherent state of frequency w, whose nofse is the QL. The SQL s
shown in the other figures with {-----}% b} and <) State squeezed on the X
and Y quadratures, respectively. For the choice of phase =0 in Equa-

tion (1}, the state appears to be amplitude- and phase-squeezed, respective-
ly. d} and e) Eectric fields of the two-mode squeezed vacuum beams a and
. Their instant electric fleld is zerc on average, but their fluctuations are
above the SCL. The squeezing is visible on the f} sum and g) difference of
their electric fields, which are alternatively below and above the SQL. The
phase evolution corresponds to the joint quadratures X. and Y. being
squeezed {(with the choice of phase 1 =0). The two modes do not necessari-
ly have the same frequency w, and wy, but the sum and the difference are
performed at egual running phases. Two-mode squeezing [s easily general-
ized 1o beams with a nonzero instant electric field, as In (a-¢).

Equation (3} is still realized. Figures 1b,c show examples of
squeezed light.

A more interesting case arises when one considers two
beams of light (@ and b), with respective quadratures {X,, ¥,)
and (X,, ¥y}, One can define two joint quadratures by mixing
quadratures from the two beams and thus obtain Equations (5)
and (6):

K= =)/ V2 (5)
¥, = (¥, + %) /2 {8)
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These new observables commute and therefore are not subject
to a Heisenberg inequality. This means that it is possible to
construct @ minimum uncertainty two-mode squeezed state
for which both joint quadratures are squeezed simultaneously,
as shown in Equations (7} and (8):

(AXYY < 1/4 7
(A7) < 1/4 {8)

The corresponding conjugate operators ¥_ and X, have fluctu-
ations larger than the SQL, so that again, the associated Hei-
senberg relations are exactly fulfilled:  (AX*Y}(AV?) =
(AKX AY) = 1/16.

In this case, both beams are individually noisier than a co-
herent state of the same intensity in each of their two quadra-
tures; however they exhibit strong correlations in their fluctua-
tions, as shown in Figures 1d-g. More specifically, measuring
the X, quadrature on beam g allows the X, quadrature on
pearn b to be determined with an uncertainty smalier than its
own SQL. The same goes for ¥, and ¥,. Historically, this type of
consideration has led to the Einstein-Podolsky-Rosen (EPR)
paradox.®” In apparent violation of the uncertainty principle,
making a measurement on beam a makes it possible to
deduce either X, or ¥, to better than the SQL seemingly with-
out disturbing beam b, as a local measurement would. in crder
to conserve the uncertainty principle, one has to admit that
the reality of X, and ¥, does not exist before the measurement
is made on beam 4. in other words, the two beams cannot be
described independently, even if they are physically separated,
and a measurement on one beam modifies the quantum state
of the whole system, including beam 6. We now know that
this phenomencn, first described by Einstein as “spooky action
at a distance”, does not viclate special relativity, that is, it does
not allow the transmission of information faster than the
speed of light.

By extension, the property of any quantum state in which
the correlations between the beams apparently violate the un-
certainty principle is called EPR entanglement. EPR-entangled
states created in the laboratory tend to be statistical mixtures
which are not minimum uncertainty states, but which display a
level of squeezing on the X and the ¥ joint quadratures
large enough to exhibit the EPR paradox.

Beams which are not EPR entangled can still be entangled
according to a weaker entanglement criterien, called insepara-
bility, which is fulfilled when (AX?) + (A¥?) < 1/2%% Two in-
separable beams cannot be guantum mechanically described
separately. Mathematically, it means that the total wavefunc-
tion |y of the system cannot be factorized intc a wavefunc-
tion for each subsystem as shown in Equation {8):

i) #1pa) 0 [345) (9}

Cbviously, a sufficient condition for inseparability is that both
X_ and Y, are squeezed. The concept of inseparability can be
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extended to the case where the system is not In a pure state,
but rather in a statistical mixture; the criterion is unchanged.

Entanglement of light was initially demonstrated for a pair
of Gaussian-shaped optical modes, and the measured electric
field was averaged over the full profile of the modes.!® The
goal in our experiments is to create entangled beams for
which the guantum correlations can be seen locally in the
transverse profile of the beams. ideally, each point in beam a
should be quantum-correlated to a unigue point in beam b. In
practice, a point in beam a is correlated to a region in beam b,
called a coherence area, whose size is linked to the number of
pairs of entangled modes present in the heams.

3. Four-Wave Mixing

Entangled beams of light can be created experimentally in
nonlinear processes such as parametric down-conversion (PDC}
and AWM, In these processes, a certain number of beams,
three in PDC and four in 4WM, interact in a nonlinear medium
and energy is exchanged between the beams in such a way
that both the total momentum and the total energy of the
light are conserved. Cur discussion focuses an nondegenerate
AWM in a ®Rb vaper™ but the physics is formaily the same
for PDC.

It is generally possible to choose a set of parameters {fre-
quencies, directions of propagation, input intensities, etc.) so
that an equal number of photons are transfered to two of the
beams, usually called the probe and the conjugate, which are
“twin beams”. The other two beams are referred to as the
pumps. in our case, there is a single beam playing the role of
both pumps, and the probe and the conjugate form a very
small angle with the direction z of the pump, as shown in
Figure 2. In the fimit of an energy transfer much smaller than
the energy of the pump beam, the growth of the probe and
conjugate electric fields £, and £, along the direction of propa-
gation z is classicaily described by a cross-linear amplification,

Figure 2. a) Enargy diagram of the [ line of ®Rb showing the transitions in-
volved in nondegenerate four-wave mixing. Starting from the ground state
F=3, the atom is pumped into £ =2 and then back Into F=13. in the proc-
ess, two pump (P) photons are absorbed and one probe (Pr) photon and
one conjugate (O} photon are emitted, The width of the excited state repra-
sents the Doppler broadening. b) Setup gecmetry. A weak input probe
heam intersects at a very small angle {< 10 mwad) with 2 strong pump beam
in a ®Rb vapor cell, and s amplified while a conjugate beam appears on the
other side of the pump. The seeded optical mode {(.e., the bright profile} of
the probe ¢an be shaped with a mask placed in the beam. The output
probe and conjugate are two-mode squeezed. When there is no input
probe, the output is the two-mode squeezed vacuum described in Figure 1
{d-g}. The double arrows indicate the relevant polarizations of the fields.

given by Equations (10) and {11):

ik,
= afy (10)
iz
0.[" = a'F, {1
8z

where ¢ is a constant that depends on the pump power.

Quantum mechanically, this type of coupled propagation
leads to a two-mede squeezed state for which the joint gquad-
rature variances are {AK?) = {AV?) =¥ /4 where s=L|q|
and [ is the length of the medium.”™ When the process is not
seeded, that is, there is no input prohe or conjugate, the
output state is the two-made squeezed vacuum described in
Figures 1d-g. The instantaneous electric fields of the output
probe and conjugate are zero on average, but their fluctua-
tions are guantum-correlated. When the process is seeded,
that is, there is a weak input probe and no input conjugate,
the power of the probe is amplified by a factor G=cosh?s
while a conjugate beam with G—1 times the power of the
input probe is created. The fluctuations of the probe and the
conjugate are still quanturn-correlated (although not perfectly).

The nondegenerate 4WM scheme presented in Figure 2 pos-
sesses a number of preperties which are key to the successful
generation of entangled beams and entangled images, First,
the nonlinear gain G is high enough to ensure a large degree
of squeezing of the joint quadratures. The gain is of the order
of 5 for a 1.25 cm long ceil heated to =100°C and a pump
power of =400 mW. Second, the scheme has been shown the-
oreticaliy’ and experimentally’™ to be largely free of compet-
ing pracesses such as fluorescence, Raman gain, and sa forth,
which add noise and can easily mask the squeezing. Finally,
the 4WM naturally operates in a mult-spatial-mode regime.
This means that more than one pair of optical modes for the
probe and conjugate beams can be coupled in the medium.

This last point is an essential feature for the production of
light fields entangled “region by region”. The number of inde-
pendent optical modes that can be coupled in the medium
depends on geometrical parameters’ and can be evaluated
as follows, The smallest detail that can be imprinted on the
twin beams in the far field, that is, far away from the nonlinear
medium, is limited by diffraction off the finite-sized gain
region. It is inversely proportional to the transverse size of the
pump beam.

The number of these details that can fit {in the far field) in
the probe and the conjugate beams is {imited by the maxi-
mum possible divergence of the individual beams, In principle,
the alignment and the cellimation of the twin beams along
the pump axis is enforced by the phase-matching condition,
which expresses the conservation of the total momentum of
the photons transferred from the pumps to the twin beams.
However, the conservation of the longitudinal momentum is
made uncertain {in the Heisenberg sense) for a gain region of
finite length. The shorter the vapor cell, the more it can be vio-
lated and the more divergent the probe and conjugate mades
can be. In our experiments, the total number of independent
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modes, which is also the largest number of details that can be
carried by an optical mode, is of the order of 10° This resolu-
tion allows the coupling of fairly detailted modes in the
medium, as illustrated in Figure 3.

Figure 3. Ampiification of a farge and complex probe mode. The mode is
generated by placing a mask in the input probe beam, as shown in Figure 2.
The top image Ts the intensity profile of the cutput probe and the bottom
image is the profile of the output conjugate creatad by the 4WM process.

The main restriction on the pairing of prebe and conjugate
modes is that they have to satisfy the phasa-matching condi-
tion, specifically the conservation of the transverse momentum
of light. As a result, they are essentially identical in shape and
symmetric with respect to the pump axis.

Note that the exact number of independent modes would
be given by the Schmidt decempaosition. It consists of finding
the “normal modes” of the system, that is, the pairs of probe
and conjugate modes that are coupled in the medium by a de-
fined coupling constant « or, to say it differently, modes that
are amplified homogeneously in the medium (ho distortion of
the transverse profilel. The “normal modes’, or Schmidt
modes, respect the symmetry of the problem, in particular the
rotational invarlance with respect to the pumgp axis, and are
therefore eigenstates of the {, angular momentum operator.
An example of Schmidt decomposition is given by ref. [16] for
PDC.

4. Observation of Entangled Images

The ampiification of almost arbitrarily complex cptical modes
by the 4WM emphasizes the multi-spatial-mode nature of the
process, at least for the mean intensity profiles of the probe
and the conjugate, What remains to be shown is that this
multi-spatial-mede character is present for the gquantum fluctu-
ations as well, In other words, for coupled regions in the
output probe and conjugate, the quadratures of the corre-
sponding fields should be entangled. As previously discussed,
the entanglement of two beams does not depend on their
mean intensity; in the following experiment we do not seed
the 4WM process, therefore producing a two-mode squeezed
vacuum.

The quadratures of a light field can be measured with 2 ho-
modyne detector (HDY.' It consists of a strong beam of identi-
cal frequency to the signal, called the local oscillator (LO),
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which interferes with the field to be analyzed. The amplitude
of the interference, recorded by a balanced photedetector, is a
direct measure of the generalized guadrature X =
X cos @+ ¥sind, whera @ is the phase of the LO relative to the
phase of the analyzed field. By scanning 8, one can successive-
ly measure the X and the ¥ quadratures. As shown in Figure 4,

Figure 4. Experimental setup for the production and the analysis of entan-
gled images. The pump (P) in the vapor cell creates a two-mode squeezed
vacuum represented by the dashed lines. The twin beams are measured
with homodyne detectors, Each homodyne detector involves a local oscilla-
tor and preduces a photocurrent proportional to the generalized quadrature
X,. where } is the phase difference between the 1O and the analyzed field.
it 5 chosen to be the same for bath HDs and is set by the plezoelectric
transducers (PZT). The generation of the LOs is not shown. The spectrum an-
alyzers {SA} measure the fluctuations of the sum and the difference of the
generalized quadratures. The optical modes analyzed in the HDs are defined
by the shape of the LOs. As shown in the small pictures, we tested two dif-
ferent kinds of intensity profile, & Gaussian mode and a “T"-shaped mode.
As long as the LO profiles are matched, L.e., they are klentical and rotated
by 1807 with respect to each other, squeezing on X and ¥, is observed,

we record the quadratures of both the probe and conjugate,
and we form the sum and the difference of the photocurrents.
The fluctuations of the sum and difference signals are then
measured with radio frequency spectrum analyzers. When the
phases of the LOs are both #=0 or &, the difference signal is
proportional to X_ and the spectrum analyzer measures the
variance (AX?). When the phases of the LOs are both 6=
£ /2, the sum signal is proportional to Y, and the spectrum
analyzer measures the variance (A?f).

Experimentally, the phases of the LOs are scanned synchro-
nously in such a way that they are equal at all times. The
measured noises of the sum and difference signals, shown in
Figura 5, follow the oscillations seen on the amplitude of the
fluctuations in Figures 1 f,g. The fact that the noise traces alter-
nately go under the SQL proves that the output state is insep-
arable. The level of sgueezing {ncise more than 3 dB helow
the SQL) is aise enough to infer that the probe and the conju-
gate are EPR entangied.

ChemPhysChem 2009, 10, 755~ 760
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Figure 5. Noise fevels of the sum {~---) and the difference {----} of the gen-
eralized quadratures as the phase ) of the homodyne detectors is scanned.
The reference level {0 dB) is set to the SQL. The 5GL is determined by block-
ing the input of the HDs, that is to say by injecting vacuum coherent states,
The dips of the noise traces show that the variances {(AX?) and {AV?} are
below the SQL. This data is for Gaussian-shaped LOs, but "T"-shaped LOs
also display more than 3 d of squeezing.

The crucial paint here is that the regions of the entangled
output beams analyzed by the HDs correspond to the optical
modes {the shapes) of the LOs. It is therefore straightforward
to observe the multimode character of the entanglement by
varying the modes of the LOs and checking that the squeezing
on the joint quadratures is conserved. This is what we see
(Figure 4), as long as the chosen modes are symmetric with re-
spect ta the pump axis and are contained in the spatial resolu-
tion of the 4WM. The number of pairs of entangled modes is
equal to the number of orthegenal LO modes that can be
used to record some squeezing, and is equal to the number of
independent modes calculated in the previous
{107 M

This behavior is in stark contrast with what is cbserved for
single-spatial mode entanglement, which is what is typically
obtained from an optical parametric oscillator (OPO) below
threshold"™ in this case, the output modes of the entangied
beams are uniquely defined by an optical cavity, and choosing
LO modes which do not match the cavity mode results in a
severe reduction in the measured squeezing of the joint quad-
ratures. Muitimode operation in an OPO is possible, but the

cavity has to be carefully tuned to be transversely degener-
ate'®

section

5. Applications

We collect here some of the most promising ideas for the ap-
plication of multi-spatial-mode antanglement. It is fair to say
that since its first demonstration in 1985, squeezed light has
not found its way to practical applications, except possibly for
the impending use of single-mode squeezing in gravitational
wave interferometers.’® Multi-spatial-mode-squeezed beams
could change this state of the field.

Most of the applications aiming to improve measurements
beyond the shet noise limit rely on the squeezing of a single
joint gquadrature, so entanglement is not strictly required.

A first application of quantum-correlated beams is the imag-
ing of weakly absorptive objects. The measurement of the ab-
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sorption of a beam of light propagating through an aimost
transparent medium is limited by the quantum fluctuations on
the amplitude of the electric field, which translate into fluctua-
tions on the optical power. By choosing the (arbitrary) phase ¢
in Eq. {1) equa! to zero, we make X the amplitude quadrature,
it is possible to get around the 5QL by using beams whose
joint quadrature X_ is squeezed, which is what is generated by
the 4WM when the probe is seeded with a coherent state and
the conjugate with the vacuum. The squeezing on the power
difference can he measured with a balanced photodetector.
Since the power-difference noise is below the 5QL, it is possi-
ble to measure a loss of power on one of the beams smaller
than the SQL, and thersfore to detect a very small absorp-
tion® With multi-spatial-mode twin beams, one can extend
that idea to the imaging of a weakly absorptive object””
Using a camera or an array of photodiodes to record the distri-
bution of light in the beam profiles, one can form the absorp-
tion image of the object with less noise than if the object
were to be llluminated with a coherent state.

A refated issue is beam positioning. It is an important com-
ponent for applications such as the measurement of the dis-
placement of the tip of an atomic force microscope, the detec
tion of the motion of a bead trapped in an optical tweezer™
or mirage speciroscopy.® The position of a beam of light is
defined as the position of the center of mass of its intensity
profile, and can be measured by a camera or a quadrant detec-
tor. It is a classically well-defined quantity, but intensity quan-
tum fluctuaticns randomly distributed on the beam profile
make the position of even a quiet laser beam uncertain, there-
fore introducing an SQL on the position of the beam. Because
multi-spatial-mode twin beams have the same iocalized inten-
sity fluctuations in their profiles, one can measure a deflection
of one of the twin beams smaller than the SQL by subtracting
the position fluctuations of the other beam.

Finally, entangled light is likely to find gocd use in guantum
information processing because it is an efficient way to trans-
fer entanglement, an essential ingredient of guantum algo-
rithms, between physical locations. The 4WM described here s
an economical way of producing a large number {=10% of
pairs of entangled modes at once. The challenge to make this
solution a practical one is to separate the different spatial
modes in order to analyze them simultaneously and to mani-
pulate them individually.

6. Conclusions

Nondegenerate four-wave mixing in atomic vapors has re-
vealed itself 1o be a tool of choice for the generation of spa-
tially entangled light fields, and should certainly contribute to
the maturation of the field of quantum imaging. The naturally
multi-spatial-mode operation of 4WM opens intriguing new
possibilities for the production of complex quantum states, For
instance, it would be possible to replace the point-te-point
correlations between the profiles of the twin beams with a
more complex geometrical relationship by tailoring the spatial
mode of the pump beam. As an example, a Laguerre-Gauss
pump beam creates a point-to-circle correspondence between
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the probe and the conjugate™ Combined with the flexibility
offered by the spatial manipulation of the light, complex spa-
tial entanglement may prove useful for quantum information
science.
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