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ABSTRACT

In this paper we find division polynomials for Jacobi quar-
tics. These curves are an alternate model for elliptic curves
to the more common Weierstrass equation. Division poly-
nomials for Weierstrass curves are well known, and the divi-
sion polynomials we find are analogues for Jacobi quartics.
Using the division polynomials, we show recursive formu-
las for the n-th multiple of a point on the quartic curve.
As an application, we prove a type of mean-value theorem
for Jacobi quartics. These results can be extended to other
models of elliptic curves, namely, Jacobi intersections and
Hulff curves.

Categories and Subject Descriptors

1.1.2 [Symbolic and Algebraic Manipulation]: Algo-
rithms—Algebraic Algorithms

General Terms
Algorithms, Theory

Keywords

Algorithms, Elliptic Curves, Division Polynomials

1. INTRODUCTION

Elliptic curves have been an object of study in mathe-
matics for well over a century. Recently elliptic curves have
proven useful in applications such as factoring [16] and cryp-
tography [15],[19]. The traditional way of writing the equa-
tion of an elliptic curve is to use its Weierstrass form:

y2 +ai1xy + asy = z° + a2w2 + asx + ae.

In the past several years, other models of elliptic curves have
been introduced. Such models include Edwards curves [2],
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[6], Jacobi intersections and Jacobi quartics [3], [4],[17], Hes-
sian curves [13], and Huff curves [8], [14], among others.
These models sometimes allow for more efficient computa-
tion on elliptic curves or provide other features of interest to
cryptographers. In particular, Jacobi quartics provide resis-
tance to side channel attacks, and they also have the most
efficient unified point addition formulae [3], [10].

In this paper we find division polynomials for Jacobi quar-
tics, although the ideas can be extended to Jacobi intersec-
tions and Huff curves. Division polynomials for Weierstrass
curves are well known, and play a key role in the theory
of elliptic curves. They can be used to find a formula for
the n-th multiple of the point (z,y) in terms of x and y, as
well as determining when a point is an n-torsion point on
a Weierstrass curve. Division polynomials are also a crucial
ingredient in Schoof’s algorithm to count points on an ellip-
tic curve over a finite field [22]. In addition, they have been
used to perform efficient computations on elliptic curves, see
for example [5], [9].

Hitt, McGuire, and Moloney recently have found formu-
las for division polynomials of twisted Edwards curves [11],
[18]. The division polynomials we find are the analogues for
Jacobi quartic curves. We illustrate a recursive formula for
the n-th multiple of a point using these division polynomials.
We are also able to prove some properties of these division
polynomials. As an illustration, we show how they can be
used to find the mean value of a certain collection of points
related to the discrete logarithm problem.

This paper is organized as follows. In section 2 we review
Jacobi quartics, and in section 3 we examine their division
polynomials. As an application, in section 4 we look at a
certain mean value theorem. We conclude in section 5 with
some remarks and open questions.

2. THE JACOBI QUARTIC

One model for elliptic curves is known as Jacobi quartics.
For a background on these curves, see [3], [4], [17]. We recall
only the basic facts. For the remainder of this paper, let K
be a field whose characteristic is not 2 or 3. Any elliptic
curve with a point of order 2 can be put into Jacobi quartic
form, with equation

Jd,e: y2 = ezt —2dz? + 1,

where we require e(d® — ¢) # 0, with d,e € K. The identity
element is (0,1), and the point (0,—1) has order 2. The
inverse of a point (z,y) is (—z,y). There are two points
at infinity, whose coordinates can be written in projective
coordinates (with z = 0). The addition formula on Jg. is
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given by

T1Yy2 + Y122

(o) + (e202) = (2 s

(1 + e(z172)?) (112 — 2dz132) + 2ex122(T12 + x22))
(1= e(e122)%)? |

This addition formula can be efficiently implemented, which
is one of the primary advantages of writing an elliptic curve
in this form [10]. Another is that this addition formula pro-
tects against side-channel attacks [3], [17]. There is a bira-
tional transformation from a Jacobi quartic curve to a curve
in Weierstrass form with a point of order 2. The map

3(y+1) — dz? +1) —da?
= (BOTD0E e 1)

sends the points of the curve Jg,. with = 0 to the Weier-
strass curve

2 _ 3 4. » 16 0
sS=r 3(d + 3e)r 27d(d 9e).

Under this transformation, the identity point (0,1) corre-
sponds to oo, and the point of order two (0,—1) goes to
the point (4d/3,0). The inverse from the Weierstrass curve

s? =13 4 ar + b, with point of order 2 (p, 0) is given by

(2.y) = (2(7“717) (2r+p)(r—p)° *82) 7

s 52

with the image being the Jacobi quartic Jg.. with d = 3p/4,
and e = —(3p? + 4a)/16. The points oo, (p,0) are excep-
tional, and get sent to (0,1) and (0, —1) respectively.

3. DIVISION POLYNOMIALS

3.1 Division polynomials for Weierstrass curves

We begin by recalling the standard division polynomials
for Weierstrass curves. We write [n](z,y) to denote the n-th
multiple of a point (z,y).

THEOREM 1. Let E be given by y? = z° + ax + b, over a
field whose characteristic is not 2. Then for any point (z,y)
andn > 2

_ ¢n(l’,y) w"(x7y)
[ﬂmw’<ﬁmwrﬁuwﬂ'

The functions ¢n,wn, and ¥, in Zlz,y] are defined recur-
sively by

Yo =0
1 =1
P2 =2y

Ps = 32" + 6az? + 12bz — o*
g = 4y(z® + baz® + 20b2® — 5a°2® — dabx — 8b° — a®)
Vont1 = Yngothy — Y1t 41 for n > 2
Yo = 12% (Yntotin1 — Pn2tiy) forn >3,
and
Pn = Wﬁ — Ynt1¥n—1

1
Wn = @ (¢n+2w72171 - %—2%21“) .

PrOOF. These formulas are well-known. For example, see
[23] or [24] for details. [

The polynomial v, is called the n-th division polynomial
of E. It is easy to see that a point P = (x,y) satisfies
[n]P = oo if and only if ¢, (z) = 0. Division polynomials
are an important tool for finding multiples of points. In
fact, they have been used to speed up computation of point
multiplication in some cases (see for example [5], [9]). They
also play a key role in Schoof’s algorithm for counting the
number of points on an elliptic curve over a finite field [22].

3.2 Division polynomials for Jacobi quartics

We now perform a similar calculation for Jacobi quar-
tics. The division polynomials we find allow us to perform
arithmetic on the Jacobi quartic with only the z-coordinate
along with one multiplication by the y-coordinate. For con-
venience, let h(z) = ex* — 2dz® + 1, so the curve equation
for Ja. is y* = h(x).

THEOREM 2. Let Iy = 1,G1 = 1,F> = =2, and G2 =
ex* — 1. Let P, = 1,01 =1,P = e?x® — ddex® + 6ex* —
4dz® + 1, and Q2 = (ex* — 1)%. Write [n)(z,y) = (Tn,Yn)-
Then there are polynomials Fy,(z), Gn(x), Pn(z), and Qn(x)
such that

(z2k, yor) = (my Fai (@) P?k(l‘))

Gar(2) Qar(x)

{ Fygi(z)  Popgr(x)
(T2h41, Y2h41) = ($G2k+1(x)’yQ2k+1(x)) .

The Fy,Grn, Ppn, and Q, can all be calculated recursively:
Fang1 = 2hFaGop—1Gar — Far—1(G3y — ex*hFsy),
G2k+1 = sz_1(G§k — 6$4hF22k),

2 4.2
Foryo = 2F2141GoxGapg1 — For(Gapy1 — ex” Fopiq),

2 422
Goky2 = G2k(G2k+1 — Exr F2k+1)7

and
o2 2 47 02
P2k+1 = QGQkPZkQQkfl(GQk + ex hFQk)
— P2k71Q2k(G§k - 6374hF22k)27
Qant1 = Qoi—1Q21(G3y, — ex*hF3)?,
2 2 42
P2k:+2 = 2hG2k+1P2k+1Q2k(G2k+1 + ex F2k+1)
— P2kQ2k+1(G§k+1 - 6$4F22k+1)2,
Qar+2 = Q2k Q211 (Gopyr — ex* Fip ),
for k> 1.

PrOOF. The proof is along the same lines as what was
done for Edwards curves in [11],[18]. In turn, these authors
credit Abel [1]. We use induction on n. For n = 1 the claim
is trivially true,

(z1,11) = (m Fi(z) P1(as)>.

Gi(@) Y Qi)
For n = 2, the addition formula yields

(22 y0) = 20y (14 ea")(y® — 2da?) + dex’
2V =\ T o (ex* —1)2 ‘




By the defining curve equation, we have that y?> = ex* —
2dxz? + 1, so yo can be rewritten as

_ e2x® — 4dex® + 6ex* — 4dz® + 1
v2 = (ex* —1)2 '

Thus (z2,y2) = (zyF>/G2, P2/Q2). We now assume the
result holds true for all n.

Given two points (r1, s1) and (r2, s2) on Jge, let (r4+,s+) =
(r1,s1) + (r2,s2) and (r—,s—) = (r1,s1) — (r2, s2). Then by
the addition formula, we have

+ 27‘182
r =
+ 1—e(rirg)?
and
seds = 2s182(1 + e(r1r2)2)

(1 —e(rir2)?)?

If we substitute in (r1,81) = (Tn,yn), and (r2, s2) = (x,¥)
we obtain

and

_ 2yny(1 +e(zen)?)
Yn+1 = (1 — G(IE.’En)Q)Q Yn—1.

Assume first that n = 2k is even, so then

Fay,
7 Qxhc%z’; For_1
T2k+1 = 72 aq
1 —exth 3 2k—1
2k
_ 2hF2kG2k71G2k — ngfl(ng — 6I4hF22k)
Gor—1(G3), — ex*hF3,) ’
and
P 4, F3
QQﬁ(l +ex hcig’;) Por1
Y2k+1 = -

Y
(1- ew4h%§l€)2 Q2k-1
2k

2G5, PokQor—1(G3), + ex*hF3y)
Q2k—1Q2k (G2, — ex*hF} )?

 Po1Qok (G5 — e hFy)?
QQkleQk (ng - ew4hF22k)2

When n = 2k + 1 is odd

Fog41
2Ty Gy Foy
Tok+2 = 72 — Y5
1— ert 2k+1 GQk
2k+1
2 472
— xy 2Fop41G2kGors1 — For(Gapqy — ex” Fop )
= 2 1752
G%(G%-H —er F2k+1)
and
P. 4 FSp
92 22k+1 (1 pt2ktl
Y Q2k+1( + G3hi1 Py
Y2k+2 =

F2 " O
(1 — ext Z34+)2 Qo
2k+1
2hG3hi1 Poii1Qan (G2py + e Fiyy)
2k+126+1 Q26 (G 2k+1
Q2r+1Q2k (G — ezt F )2
2 4 172 2
. P2kQ2k+1(G2k+1 — €T F2k+1)
Q2k+1Q2k (G — ext I3 1 )?

This proves the recurrence relations given in the statement
of the theorem hold.

Alternatively, if we let o, = F/Grn and B, = Pn/Qn,
then the above can be rewritten as follows: for n odd,

20,
Tl =Y T iy O
_ 2hBn(1+ exta?)
e R
When n is even,
_ 2ha,
It T T T eptha2 Y
and
28, (1 + ex*ha?)
It =Y T egthag)e O
|

There are some common factors that can be cancelled in
the numerators and denominators of F, /Gy and P,/Qn.
Also, the degrees of the F,, Gy, P,, and @, grow exponen-
tially. By removing these common factors our new division
polynomials will have degrees that only grow quadratically.
The next proposition shows what these are.

THEOREM 3. Let f1 =1,g1 =1, fo = —2, and g2 = ex* —
1. Let pr = 1,q1 = 1, pa2 = €2a® — 4dex® + 6ex* — 4da® + 1,
and gz = (ex* — 1)%. For n > 2, define fn, gn,Pn, and g, by

2 for—192k—292k—1 — for—2(gap_1 — ex* for_;)

fzk - )
931—o
_ 2hforgak—192k — for—1(g3 — ex’hf3)
f2k+1 - P} )
92k—1
_ ggk—l - €I4f22k—1
gop = —
g2k—2
o ggk - €$4hf22k
Jok+1 = —
92k—1
and
Dot — 2hg5k_1P2r—1G2k—2(gok—1 + €z f3r_1)
Qp_o@2k—1
 par—2qze—1(gak—1 — ea’ f3_1)*
qgk,ngkq ’
_ 2g5,p2rq2k—1(g5k + exhf3)
P2k+1 = 5
25192k
B p2k71q2k(g§k - €$4hf22k)2
Ty 1 G2k ’

(ggk—l - €$4f22k—1)2

qQ2k = )
g2k —2
(ggk - 696'4hf22k)2
qQ2k+1 = ————————.
q2k—1

Then the fn, gn,pn and q, are even polynomials in x and
satisfy

~

Jor(x) por(x)
g2k(2)” qar(z)

(T2r,y21) = Y



pf2e41() | pakia (@)
g2k+1(2) "7 gk ()

(Takt1, Y2rt1) =

Before we give the proof, we prove a lemma. It will be
needed in the proof of Theorem 3 as well as for some of the
identities of the Jacobi division polynomials. Most impor-
tantly, it gives a simpler recurrence for the f, (and pn).

LEMMA 1. For n > 1, the functions fn,gn,Pn, and g
from Theorem 8 satisfy

9ok — hfsk = —fan—1foni1,s (1)
and as a result
o hf22k - g%k
fory1 = ———=
for—1
and for n > 1
fok—1 = Gok—1 = hfor—2fox, (2)

so therefore

2 2
Jok—1 — 92k—1

Jar = hfor—2

Also gn = g2 and

P2k = 2hp2k71(9§k71 + €$4f22k71) - pzk&g%k
q2k—2 ’

2p2k(gok + ex*hf3y) — Pok—193k 41
kn—1

P2k+1 =
Proor. First note that by definition, we have

2h forgok—192k — fan—1(gak — ex*hfay)
for+1926—1 = )
92k—1
_ 2h fakgak—192k — fok—192k—192k+1 3)
g2k—1 ’

= 2hforgor — for—192k+1-

We now use induction. For k = 1, a direct computation
checks that both sides of (1) are equal to e*z® — 6ex? +
8dz® — 3. The expression g5, — hfa, + fox—1foxt1 can be
rewritten as

2
g

% - fgk—l(ggk—Q - 61’4hf22k72)

92k —292k—1

+ ggk—l(g§k72 - hf22k72)

+ 2hfor—2for—192k—292k—1 -

By the induction hypothesis, g2, _o—hfa_ 5 = —for_3for_1,
and we also have g2, , — ex*hf2, o = gar_3gak—1 so this
last expression becomes

fau—195k

5 2h fak—2g2k—2 — fak—192k—3 — g2k—1f2k—3 -
ggk_292k71

By (3) (with & — 1 in place of k), we see that this is equal
to 0. This shows g%k — hfgk + fok—1for+1 = 0, which was to
be proved.

To prove (2) we also use induction. For k = 2 both sides
are equal to 8(ez* — 2dz® 4+ 1)(ex* — 1)(—e?z® + 4dex® —
6ex? +4dx® —1). We can rewrite f2,_; — gax_1 — hfak—ofok

as

2
92k—1

2 2 2
55— Gak—2(f2x—3 — G2k—3)
92k —392k—2

— 2hfor—3 for—292k—392K—2 4)

+ hf22k72(g§k73 - €$4f22k73) .

Using the induction hypothesis and the identity g3, 5 —
ext f3_5 = gok—_agor—2 then equation (4) becomes

hfor—293n—1
—5———— fap—agok—2—2fok—392k—3+ for—2g2k—a . (5)
92k —392k—2
But
2 fak—sgok—agok—3 — fon—a(gap_3 — ez’ f3r_3)
for—2gok—a =

g2k—4
= 2for—392k—3 — fok—a92k—2,

so (5) is equal to 0, showing f3,_1 — g3r_1 — Rfar—2for = 0.

Finally, we verify that ¢, = g2. For n = 1 and 2, this
is clearly true. Now assume that ¢, = g2. Then by defi-
nition ¢n41 = g24192_2/Gn—2. By the induction hypothesis,
92_5 = gn_2 which proves gni1 = 9121-5-1- Using this, com-
bined with the definition of the g,, the formulas for the p,
are straightforward and we omit the details. [

We now give the proof of Theorem 3.

PROOF. Note the similarities in the definitions of F;, and
fn, Gn and gn, P, and p,, and finally between @, and
gn. Since the f, and g, are just the F,, and G,, with their
common factors canceled then F,/Gn, = fn/gn. Likewise
P./Qn = Pn/gn. It is clear that fn,gn,pn, and ¢, are all
even using the recursion formulas combined with the fact
that fi1, f2, 91,92, p1,p2, q1, and g2 are all even.

We first show that the g, are polynomials. Let v be a
root of go—2, and § € K such that (7, ) is a point on Jg.
It follows that [2k — 2](v,d) is a point at infinity R. Using
the addition law for projective coordinates (given in [3]),
(z,y) + R = (£1/\ex,ty/\/e). As a result, we see

22 (’y) 1 72 f22k—1(7)
wk-1V) = —5 =7V 5 -

ey’ 93k-1(7)
This is equivalent to v being a root of g2, ; — ex*f2,_,.
As ~ was arbitrary, then this shows gox_2|ga,_1 — ez’ f2,_1.
Similarly, if gax—1(7) = 0 then by the same reasoning we
have

f22k(’Y)
ggk (’Y) .

wa(1) = o5 =7°h()
Thus v is a root of g5, — ex*hfz, as desired. We conclude
that the g, are polynomials in x.
We now show that the f, are polynomials in z. By Lemma
1, foxsr = (hf3, — 95;)/far—1. Let v be a root of for_1.
Then by the addition law, we have x2r(y) = £7v. Squaring
this relation yields

2 2 f22k(’Y)
V=T )ggk(7)7

which shows « is a root of g3, — hfs,, and hence fori1 is a
polynomial.



T T
hfok—2
Now if forp—2(v) = 0 for some v = 0, then za,_1(7) = +7.

Squaring this yields

Similarly, by Lemma 1 we have that far =

72 _ 72 fgk—l(’Y) 7
9ar—1(7)
and we see that 7 is a root of f2,_ | —gox_1, SO farx—2 divides
f22k71 - ggkq-
If  is a root of h = ex® — 2dz® + 1, then (,0) is a point
on the curve Jg., and it is easy to check that [2](v,0) =
(0,—1),[3](v,0) = (—+,0), and [4](~,0) = (0,1). So then

2 2 2 f: 22k—1 (7)
Tae-1(7) =7 =7 Z )
so v is a root of f% _; — g2x_,, and hence h divides f2,_, —
ga._1. This shows that fay, is a polynomial in .

To see gn is a polynomial in z, we appeal to Lemma 1.
As gy, is a polynomial, and ¢, = ¢2, then g, is a polynomial
as well. The proof that p, is a polynomial is much more
cumbersome to write down, although the technique is the
same. Consequently, we omit it. [

We list the division polynomials for n = 3 and 4:
fa = —e22® + 6ex* — 8dzx? + 3,
gs = —3e22® + 8dex® — 6ex* + 1,

— 8de®z' + 28¢*2"? — 56de’z"°
+ 2e(32d* + 3e)x® — 56dex’ + 28ex” — 8dz® + 1,

p3761’

g3 = (—3e%a® 4 8dex® — ez + 1),

fa=—4(ex* — 1)(—€*az® + 4dex® — 6ex® + 4dz® — 1),

g = — 4 16 + 20631}12 64d62l‘10 4

— 64dex® + 20ex” — 1,

(64d” + 26¢*)ex®

ps = e32%? —16de”2%° — 560de®2%® + - — 16 da® + 1,

2
q4 = g4 -

We call the f,, the Jacobi quartic division polynomials, as
they satisfy the following corollary.

COROLLARY 1. For n > 2, the point (z,y), with zy = 0,
satisfies [n](z,y) = (0,%1) 4f and only if we have fn(z) = 0.

Proor. This is immediate from Theorems 2 and 3. Note
that [n](z,y) = (0,1) if and only if [n](z, —y) = (0,—1). O

An advantage of our division polynomials is that the n-th
one can be computed from the previous two rounds, i.e., fn
and g, only depend on fn_1,gn—1, fn—2, and gn—2. The di-
vision polynomials for Weierstrass curves given in Theorem
1 require the previous n/2 rounds of computation. We now
show some of the properties of these latter Jacobi division
polynomials, beginning with their degrees.

PROPOSITION 1. For odd n,

falz) e D/agn®-1

gn(z) — me(m®-D/ign2-1 4 . .7

pala) el D/2g2n* D

gn(z)  (ne(®—D/agn®—1 .. )2’

where + - -+ indicates lower powers of x. For even n, we
have
2 2
fn(x) _ _ne(n —4)/4xn —4 4.
on(®) i

pula) _ g
qn(z) ~ (en?/4gn® 4 ...)2"
PrOOF. The proof of the leading terms of the quotient
fn/gn and pn /g, is a straightforward exercise in induction.

We only give the proof for f,/gn, and skip the proof for
Dn/qn. We first establish that for odd n,

fo = (_1)(n—l)/2€(n2—l)/4xn2—1 +en,
gn = (=1) ("D 2= agni-1
while for even n
fo = (71)n/2ne(n274)/4mn274 N

2 2
gn = _(_1)n/2€n /41:71 N
Note that for n = 1 and 2 this is clearly true. For even n, if
we include only the leading terms we have
(ex4)(nze(n274)/2xz(n274)) _ (en2/2x2n2)

fatr = (—1)(n=2)/2¢(n?~2n)/4zn>~2n

_ 7(71)n/26(n2+2n)/4xn2+2n 4.

_ (—1)("+1_1)/26(("+1)2_1)/433("+1)2_1 T
Similarly, when n is odd we have
(e(nzfl)/%?(nzfl)) _ (nQe("Ll)/sz("Ll))
P = G (e 73— e i)
_ (n + 1)(_1)(n+1)/2e((n+1)2—4)/4x(n+1)2—4 R

This shows the leading term of f, is as desired for n even
or odd. Now for n = 2k, we have

62k2 8k2 (
gn+1 =
(=1)k= 1(%

=(- ) (2k +1)e k2+k 4k2+4k+‘“
4 1)l D/ ()P

)(4}62)6%27%%278

2 2
)ek —kpdk?—4k
x

:( 1)(n+1 1)/2(

Also forn =2k + 1,

2 2 2 2
(2k+ )2 2k +2k 8k“+8k 4 2k +2k 8k“+8k

—er e
(_1)k+1ek2x4k2

gn+1 =

242k+1 4k? 4
_(_1)kek +2k+ z k“+8k+ 4.

_ 7(71)(77,1‘»1)/2671,2/41.712 +.

)

which shows the leading term of g, is as claimed. []

We include some functional equations for the Jacobi divi-
sion polynomials.

PRrROPOSITION 2. For odd n,

1
Ver

gn(z) = (=1) D21/ 4n =1 g



while for even n,

Fulz) = (_1)(n+2)/26(n274)/4xn274fn

2 2 1
gn(x) = (_1)n/2en M gn
ex
We also have
n2_ 2 1
pn(z) = e D22 1)pn

for odd n, and

DPn \/E:r s
for even n.

ProOF. Recall that f,,, gn, and p, are even, so the square
roots in the formulae make sense. We use induction to prove
Proposition 2. The results are all easily verified for n = 1, 2.
We first verify the functional equation for g, when n = 2k
is even:

2 2 1
1)k ek? ik
(1) g2 o
_ (_1)kek2m4k2 9o —ex'fi . 1
92k—2 Ver
f3h 1 9351

k k2 4k2 o2k2—2k .8k2—8k  o2k2—2k+1_,8k2_8k+4
— (_1) e e T e x

(=DF~1gop_o
e(k—1)2 a(k—1)2

2 4 £2
Gop—1 — €T fip_1
b

9g2k—2

which is go () as desired.
Also for n = 2k,

k+1 _k2—1_4k?—4 1
(=1)"" e T for ——
Vex
2 2
k1 k21 ak?—4 fok—1 — 92k—1 1
=(-1)""e
=(— el B £ ,
hfor—2 Vex
2 2
9ok —1 . Fak—1
k41 k2—1 4k2—4 ¢2k2 -2k 8k2—8k 2k2 —2k ;,8k2 —8k
— (_1) + e x e z e x
h fok—2

eaxd (C1)kek? -2k 4k% -8k
ggkfl - f22k71
hfar—2
= for.
Finally, we show the functional equation relating f, and

gn for odd n = 2k + 1. We leave the proof of the functional
equation for p, to the reader. We have

k_k%24+k_4k%+4k 1
(_1) € T f2k+1 @

2 2 hf2 2 1
o k_k2+k_4ak?44kNJ2k — Gor
= (—=1)%e x —2e JeR
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Yor — ex”hfs
92k—1
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which was to be proved. Note these functional equations
impose certain symmetries on the coefficients of the Jacobi
division polynomials. []

4. MEAN VALUE THEOREMS

4.1 Weierstrass and Edwards mean value the-
orems

Let K be an algebraically closed field of characteristic not
equal to 2 or 3. Let E : y* = 23+ Az + B be an elliptic curve
defined over K, and @ = (zg,yq) = oo a point on E. Let
P; = (x;,y:) be the n? points such that [n]P; = @, where
n € Z, (char (K),n)=1. The P; are known as the n-division
points of Q. In [7], Feng and Wu showed that

1 & 1 &
S T=TQ 5 > Ui =Ny
i=1 i=1

This shows the mean value of the z-coordinates of the n-
division points of @ is equal to zg, and nyg for the y-
coordinates.

In [21] a similar formula was established for elliptic curves
in twisted Edwards form. Let Q be a point on a twisted
Edwards curve. Let P; = (x;,y:) be the n? points such that
[n]P; = Q. If n is odd, then

_1)(n*1)/2
n

2 2
1« 1 1 ¢ (
ﬁZm:gw» EZ%:
=1 =1
If n is even, then
2 2
1w 1w
S m=0=—33 u.
i=1 =1
4.2 Jacobi quartic mean value theorem

We now give a mean value theorem for the z-coordinates
of Jacobi quartics.

YaQ-

THEOREM 4. Let Q = (0,%1) be a point on Jg.. Let
P, = (x:,y:) be the n? points such that [n]P; = Q. Then

1 1
LD T =T,
n =1 n

if n is odd and

1 &
2=
=1
if n is even.
We first need a result showing how we can combine mean
value results for n-division points and m-division points to

obtain one for the mn-division points.

PROPOSITION 3. Fix m and n. Suppose we have that

2 2
;11 Tp, = cmTq and 27;1 yp, = dmyq for some con-
stants cm,dm which depend only on m, whenever the P;,
i=1,2,---,m? are points such that [m|P; = Q, for some

Q = (0,0). Similarly, suppose we have that Zil TR, =

2 .
ents and > i Yr, = fnys for some constants en, fn which



depend only on n, where the R;, i = 1,2,--- ,n? are points
such that [n]R; = S, for some S = (0,0).
Then given (mn)? points Ty, Ts, - - - s Timny2 on Ja,e such

that [mn]T; = U for some U = (0,0), we have that 521")2 Tr, =

(mn)?

cmenzy and ;1Y yr, = dm fayu.

ProoF. Consider the set of points {[m]T1, [m]Tz, -, [M]T(mn)2 }- n

Each element [m|T; satisfies [n|([m]T;) = U. So this set
must be equal to the same set of n? points V that satisfy
[n]V = U. Call this set {V4, Va2, -+ ,V,2}. For each V}, there
are at most m? elements of the T; which satisfy [m]T; = V;.
As each T; must satisfy [m]T; = V; for some j, this parti-
tions our original set of the (mn)? points T; into n? subsets
of m? points. Then by assumption, we have

(mn)? n?
T, = CmTV; = CmEnlU,
i=1 i=1

and

yr;, = dmyv;, = dm fryu.

=1 i=1

For example, fix an elliptic curve and suppose we know
the mean value of the z-coordinates of the 3-division points,
or ?:1 i = 3xq. Similarly if know the same for the 5-
division points, 1221 x; = 5@, then by Proposition 3 we
know the mean value for the 15-division points. It will be

fi? XT; = 15IQ.

Now we give the proof of Theorem 4.

ProOOF. We first examine the case when n is odd. By

definition, the solutions of «’BZ;ZEQ’!/% = (zq,yq) are

exactly the (z;,y;). By proposition 1, we can rewrite this
xz-coordinate relation as

2 2 2 2 n2-1
ZL' e(n —1)/41:77. -1 + 0x" -2 4. = ZIJQ(’ILE(TL —1)/4z
or

(n?2-1)/4 n? n2—1
e " —nxgw

+--- =0.

2
This must be equal to the polynomial e(n?-1/4 [T, (x—wi),
so we can conclude that

n2

Ti = NxQ.
i=1

This proves the mean value of the xz-coordinate is as claimed

when n is odd.

We now look at the case when n = 2. By the addition
formula it is clear that if [2](z,y) = @, then [2](—z, —y) = Q
as well. So the four points P; with [2]P; = @ can be written
as (z1,y1), (x2,y2), (—x1,—y1), and (—x2, —y2). The result
for n = 2 is immediate. Now by Proposition 3, and the
result for odd n, Theorem 4 is true for even n as well. [

We remark that Theorem 4 was proved for points Q =
(0,£1). For @ = (0,£1), recall that (x;,y;) = (0,%1) is an
n-division point of @ if and only if f,(x;) = 0. Recall that
for odd n, f, is an even function of z and so

n?—-1

fn(z) = H(xfﬂci):x” BRI o ST

21

and hence ;" z; = 0. When we consider Q as the last

n-division point of @, then we have ?:21 z; = 0.

We are unable to prove, but conjecture the following mean-
value theorem for the y-coordinates of the n-division points
on a Jacobian quartic:

2
1 pr—
i=1
for n odd, and
’VL2
1
ﬁ Yi = 07
i=1

for n even. The proof techniques in [7], [21] do not work for
Jacobi quartic curves. The Weierstrass result uses proper-
ties of the Weierstrass p(z) function, which we do not have
a Jacobi quartic analogue for. In the Edwards case, the re-
sult is obtained by the obvious symmetry of x and y in the
defining curve equation.

Note that in our proof above, we showed the conjecture
is true for n = 2. Hence, by Proposition 3, the even result
follows immediately once it is true for odd n. Also note
that the y-coordinate mean value theorem is equivalent to
showing

gn (i) _ 2
o P

for odd n because yz% =yo.

S. CONCLUSION

In this paper we looked at division polynomials for Ja-
cobi quartics. Using them we were able to find a formula
for the n-th multiple of a point. We also proved some of
the properties of these division polynomials, and a type of
mean-value theorem. In the extended version of this paper
([20]) we show how to extend these results to other models
of elliptic curves, namely, Huff curves and Jacobi intersec-
tions. This includes results for the division polynomials and
related mean-value theorems.

Some directions for future study would be to find division
polynomials for the remaining models of elliptic curves, such
as Hessian curves. It would also be interesting to see if the
formulas derived in this paper could be used to perform ef-
ficient scalar multiplication, as has been done in some cases
with Weierstrass curves. This is the most important com-
putation in elliptic curve cryptography and the subject of
much research. We leave this for a future project.
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