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Abstract—We present time-domain electrical measurements and
simulations of the quantized voltage pulses that are generated from
series-connected Josephson junction (JJ) arrays. The transmission
delay of the JJ array can lead to a broadening of the net output
pulse, depending on the direction of the output pulse propagation
relative to the input bias pulse. To demonstrate this, we compare
time-domain measurements of output pulses from radio-frequency
Josephson arbitrary waveform synthesizer (RF-JAWS) circuits
fabricated with two different output measurement configurations,
so that the backward-propagating and forward-propagating pulses
can be measured. Measurements were made on arrays with 1200
and 3600 JJs and show that the net backward-propagating output
pulse is broadened by timing delays in the JJ array, whereas the
net forward-propagating output pulse is insensitive to delay effects
and can theoretically be further scaled to longer JJ array lengths
without significant output pulse broadening. These measurements
match well with simulations and confirm the expectation that the
net output pulses arise from the time-delayed superposition of
individual JJ output pulses from the series array of JJs. The mea-
surements and analysis shown here have important implications for
the realization of RF-JAWS circuits to be used as quantum-based
reference sources for communications metrology.

Index Terms—Digital-analog conversion, Josephson junction
(JJ) arrays, power measurement, quantization, signal synthesis,
superconducting integrated circuits, superconducting devices.

I. INTRODUCTION

THE Josephson arbitrary waveform synthesizer (JAWS)
is a superconducting digital-to-analog converter used to

synthesize quantum-based ac voltage waveforms for metrology
applications [1], [2]. The JAWS circuit contains a series array
of Josephson junctions (JJs) that produces a quantized output
pulse in response to each programmed input drive pulse. The net
quantized output pulse from the array of JJs is a superposition
of the individual pulses from each JJ in the array.
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Fig. 1. Schematic of a series-connected JJ array for a JAWS system. In addition
to the JJ array, the JAWS system includes an external input current pulse drive
IINP that is generated by a voltage source VINP in series with a 50 Ω resistor,
as well as a dc bias current Idc. The array is terminated in a 50 Ω resistor. The
output voltage port, which can be added in a number of different ways (see Fig. 4
for examples), is not included in this schematic.

The JAWS system has already been used to synthesize
quantum-accurate audio-frequency voltage waveforms for a va-
riety of applications, including measurement of harmonic dis-
tortion, spurious-free dynamic range, and noise in commercial
electronics [3], [4]; calibration of commercial voltage sources
[5]; and thermal voltage converters [6]; and harmonic phase
analysis for distorted waveforms [7].

Efforts are currently ongoing at NIST to develop a radio-
frequency JAWS (RF-JAWS) system for synthesis of waveforms
at gigahertz frequencies to be used as a reference standard [8],
[9]. Such a system would supplement existing metrology tools
[10], [11] and would serve as the first quantum-based waveform
source for communications-frequency waveform calibrations.
However, as JAWS circuits are developed and optimized for
synthesis of higher output frequencies, a number of new design
issues have arisen that have the potential to compromise output
waveform accuracy [9], [12]. This article focuses on the particu-
lar issue of the broadening of the net output voltage pulse due to
transmission delays in series-connected JJ arrays. A schematic
of a simple series-connected JJ array for a JAWS circuit is shown
in Fig. 1. Delays result both from the propagation of the input
bias pulse IINP through the array, which causes individual JJs
to create output voltage pulses at different times, and also from
the propagation of the individual JJ pulses to the output port. If
these array transmission delays cause the individual JJ pulses to
arrive at the JAWS output port at different times, then the net
output voltage pulse will be broader than that of an individual
JJ output pulse.

The array transmission delay increases as the number of
series-connected JJs and the corresponding array length in-
creases, reaching a value of approximately 100 ps for a typical
array of length 13 mm (∼ 6000 JJs). Unlike at audio frequencies,
this delay at gigahertz frequencies is not negligible relative to
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the waveform period, and will be a significant source of error
if the net array output pulse is broadened by the full array
transmission delay period. This source of error will become
particularly important as RF-JAWS circuits are scaled to longer
array lengths in order to increase the number of JJs and achieve
higher output waveform power [9].

The measurements and analysis in this article are intended
to 1) measure time-domain output pulse broadening caused
by transmission delays in JJ arrays, and 2) identify a circuit
design that maintains a phase-aligned superposition of individ-
ual output pulses free of pulse broadening, regardless of array
length. Previous measurements of single flux quantum (SFQ)
output pulses from individual JJs in Josephson transmission
lines have been reported using either electronic measurements
or optoelectronic techniques [13]–[15]. This article reports the
first electrical measurements of output superposition pulses
from a series-connected array of thousands of JJs driven by a
room-temperature pulse bias current source.

This article is organized as follows. In Section II, a brief
overview is provided of JAWS operational principles and of new
RF-JAWS circuit design challenges that motivated the experi-
mental investigations described in this article. In Section III,
the dynamics of quantized pulse propagation in an RF-JAWS
circuit is described for the case of a single JJ. In Section IV, a
mathematical description is provided for the details of quantized
pulse propagation and superposition in arrays of JJs. Next, in
Section V, two different RF-JAWS circuit designs are presented
that differ by the location of the output port and allow the pulse
propagation asymmetry of the JJ arrays to be measured. Exper-
imental methods for measuring time-resolved output pulses are
described in Section VI, while results are shown in Section VII
and are compared to circuit simulations. Finally, discussion of
the experimental results is given in Section VIII and Section IX
concludes this article.

II. RF-JAWS OPERATIONAL PRINCIPLES AND

DESIGN CHALLENGES

The standard RF-JAWS circuit design, shown in Fig. 1,
includes an array of JJs that responds to an external pulsed
current drive signal (IINP) by producing output voltage pulses
with quantized time-integrated area. The system is operating
correctly when the JJs are “quantum-locked” to the drive and an
integer number n of quantized output pulses are synthesized in
response to each input drive pulse over a range of input drive
pulse parameters and values of dc current (Idc) supplied to the
JJ array [9], [16], [17]. The time-integrated voltage area of each
quantized output pulse is equal to

∫
p(t)dt = nNJJΦ0, where

p(t) is the voltage generated across each JJ, NJJ is the number of
JJs in the array, and Φ0 ≡ h

/
2e is the magnetic flux quantum.

For the purpose of quantized waveform synthesis, the JAWS
system is typically operated within the n = 1 “quantum-locked
range” (QLR). For the experiments described in this article, the
QLR is typically measured as a function of Idc while all other
input parameters are held fixed.

Full waveforms are synthesized from the RF-JAWS circuits
by encoding the target waveforms with a single-bit digital delta-
sigma encoding, and triggering a quantized output pulse from
the JJ array at each clock cycle in which “1” is present in the
digital encoding. Mathematically, the output waveform from a
JAWS circuit is a convolution of the quantized-area output pulse
shape with the full digital code. In the frequency domain, this
means that the output waveform frequency content is scaled by
the Fourier transform of the array output pulses [9], [12].

In the JAWS circuits designed at NIST, the JJs are connected
in series along the center conductor of a horizontal coplanar
waveguide (CPW) with characteristic impedance Z0. The JJs
are fabricated in vertical stacks of three JJs per stack, where
the spacing between stacks along the CPW center conductor
is approximately 6.5 μm for the standard JAWS circuit design.
The drive pulses are applied to the input end of the JJ array
from a room-temperature voltage source with output impedance
of 50 Ω. For audio-frequency JAWS circuit designs, the CPW
characteristic impedance is tapered along the array length to
compensate for microwave attenuation caused by shunt resis-
tance of JJs in the array, and the array is terminated in a resistor
approximately matched to the final tapered value of Z0 [18]. In
contrast, for RF-JAWS circuits the value of Z0 = 50 Ω is kept
constant along the array length and the array is terminated, either
on-chip or off-chip, by a matched 50 Ω resistance (as shown
in Fig. 1).

In circuits designed for audio-frequency JAWS measure-
ments, the voltage pulse p(t) synthesized across the JJ array
is measured by placing inductively filtered voltage taps directly
across the array and measuring the low-frequency components
of p(t) across the high-impedance load of an external digitizer.
However, two potential concerns with this measurement ap-
proach have been identified when designing JAWS systems to
synthesize radio-frequency output waveforms. The first concern
is that the high-impedance measurement configuration contains
a mismatch between the output 50 Ω cabling and the high-
impedance measurement load, resulting in standing waves on the
output cabling that become a significant source of error as fre-
quency increases. This concern has been extensively discussed
in the context of low-frequency < 1 MHz JAWS measurements
[19]–[25]. To avoid a mismatch, the synthesized voltage can
instead be measured across a 50 Ω resistor at either the input or
termination end of the array, as will be discussed throughout
this article. The second concern is that the time-of-flight of
synthesized pulses traveling along the JJ array itself is nonneg-
ligible relative to the output waveform period for synthesis of
radio-frequency waveforms.

III. QUANTIZED PULSE PROPAGATION FROM A SINGLE JJ

Both of the RF-JAWS design concerns introduced above
require a detailed analysis of the dynamics governing quantized
pulse propagation from the location of pulse synthesis in the dis-
tributed JAWS circuits to the load of a device under test (DUT).
This section will consider propagation of pulses generated from
a single JJ within a CPW, while Section IV will extend this
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Fig. 2. (a) Splitting of the dc voltage generated across an ideal voltage source
that had both positive and negative nodes connected to ground via CPW and
resistors of equal impedance. (b) Splitting of the synthesized pulse voltage
generated across a single JJ that is similarly connected to ground via paths
of equal impedance at both the positive and negative terminals.

analysis to a full description of pulses generated from arrays
containing multiple JJs.

Consider first the case of a low-frequency or dc voltage source
with both its positive and negative nodes connected to ground
via 50Ω transmission line segments in series with matched 50Ω
termination resistors, as shown in Fig. 2(a). By symmetry, a dc
voltage of 1 V generated across such a voltage source would
“split” across the nodes VA and VB of the positive and negative
node termination resistors, respectively, such that VA = 1

/
2 V,

VB = –1
/
2 V, and VA − VB = 1 V.

Next, consider the case in which the ideal voltage source is
replaced by a single JJ. When the JJ is excited by input drive
pulses, it essentially acts as a quantized-area pulse voltage source
with ΔV = pj(t), as shown in the cartoon of the quantized
voltage pulse in Fig. 2(b). Here, the subscript j denotes the
response of a single JJ. As was the case for the dc voltage
source described above, pj(t) splits into p+j (t) = pj(t)

/
2 at

node VA measured across the positive-terminal output resistor,
and p−j (t) = −pj(t)

/
2 at node VB across the negative-terminal

output resistor. The pulse area of Φ0 splits in a ratio of 50% be-
tween output resistors if both the positive and negative nodes of
the JJ are connected to ground via paths with equal impedances.
More generally, the pulse area splits according to the impedance
ratio between the two paths to ground, which determines a
voltage division ratio for JJ pulses across the two termination
resistors. Regardless of exact splitting ratios, it remains true that
within the n = 1 QLR,

∫
[p+j (t)− p−j (t)]dt =

∫
pj(t)dt = Φ0

per JJ.

IV. QUANTIZED PULSE PROPAGATION FROM

MULTIPLE-JJ ARRAYS

JAWS circuit designs contain hundreds or thousands of JJs
connected in series along the JJ array, such that the total propa-
gation delay between JJs from start to end of the array can grow
to 100 ps or greater. The quantized output voltage pulses from
each individual JJ add in superposition, and the shape of this
net pulse measured at output nodes VA and VB is affected by

the transmission delay of the array. Actual JJ arrays fabricated
at NIST use vertical stacks of three JJs per stack rather than
single JJs [26], and for the purposes of this article, we assume
that each JJ in a stack pulses simultaneously. The JJ array CPW
has a propagation velocity of approximately vp ≈ 0.43c, where
c is the speed of light in vacuum and vp is determined from
simulations of the CPW inductance and capacitance per unit
length of 0.4 μH/m and 150 pF/m, respectively.

The input pulse to the JJ array has a definite direction of travel
from the start of the array to the termination resistor, and it is
subject to the same propagation delay td as it travels to each
sequential JJ and triggers an output pulse pj(t). As a result,
an asymmetry is produced in the net quantized pulse shape
measured across node VA versus VB . The propagation direction
of the input drive pulses IINP and quantized half-pulsesp−j (t)will
be referred to as the “forward-propagating” direction throughout
this article, while the direction of the quantized half-pulses
p+j (t) is the “backward-propagating” direction. For simplicity,
we assume for this analysis that each JJ has an identical response
function pj(t).

The forward-propagating pulsesp−j (t) travel at the same speed
and in the same direction as the input drive pulses. A pulse
synthesized from the first JJ in the array at time t= 0 centered at
positionx=0 will travel along the array’sx-axis as time evolves,
according to p−j (x, t) = p−j (x− vpt). As the input drive pulse
continues to travel along the array, the pulses synthesized from
downstream JJs have both an initial time offset and position
offset from the first output pulse. When the input drive pulse has
reached themth JJ in the array at time t = mtd, the accumulated
forward-propagating JJ-synthesized pulse p(x, t) is expressed
mathematically as

p(x, t)|t=mtd =

m∑

k=1

p−j ((x− kvptd)− vp(t− ktd))
∣
∣
t=mtd

= mp−j
(
x− vpt

)|t=mtd

= mp−j
(
x−mvptd

)
. (1)

Equation (1) shows that because the “upstream” synthesized
quantized pulses propagate synchronously with the input drive
pulse, the pulses add coherently and are simply shifted along
the x-axis with growing net amplitude as time progresses. The
time evolution of this forward-propagating negative half-pulse
waveform is shown in Fig. 3 at four timesteps of pulse generation
along a series array of 3600 JJs, arranged in 1200 stacks of three
JJs per stack. The figure was generated assuming a delay between
JJ stacks of 200 fs to match experimental circuit designs that will
be described in Section V. For the illustrative purposes of this
figure, a simple Gaussian pulse shape with pulsewidth of 50 ps
was assumed. The negative-polarity forward-propagating pulse
waveform (green in Fig. 3) retains the same pulsewidth but grows
in amplitude as time progresses.

In contrast, the backward-propagating pulses (red in Fig. 3)
travel along the x-axis according to p+j (x, t) = p+j (x+ vpt).
The initial time and position offset of the backward-propagating
pulse generated from the kth JJ relative to the first JJ is the



1400208 IEEE TRANSACTIONS ON APPLIED SUPERCONDUCTIVITY, VOL. 30, NO. 3, APRIL 2020

Fig. 3. Cartoon of a 3600 JJ array at four timesteps showing the negative
amplitude forward-propagating and positive amplitude backward-propagating
pulse waveforms generated by the JJs in response to a single input drive pulse.
The thicker arrow indicates the direction and progression of the input drive pulse
(not shown). As time progresses, the forward-propagating pulse traveling to the
right retains the same pulsewidth but grows in amplitude while the backward-
propagating pulse traveling to the left retains a steady-state amplitude but grows
in width. The JJ array schematic shown in the figure is not to scale.

same as for the forward-propagating case. Overall, the accumu-
lated backward-propagating pulse waveform at time t = mtd is
described by

p(x, t)|t=mtd =

m∑

k=1

p+j ((x− kvptd) + vp(t− ktd))
∣
∣
t=mtd

=

m∑

k=1

p+j
(
x+ vpt− 2kvptd

)|t=mtd

=
m∑

k=1

p+j
(
x+ vptd(m − 2k)

)
.

(2)

Equation (2) shows that the backward-propagating synthesized
pulses from individual JJs do not add coherently but are all
shifted along the array x-axis by 2vptd relative to one another
(where vptd is, by definition, equal to the spacing between JJs).

Fig. 4. Schematics of test circuits designed for the purpose of measuring
broadband output pulse waveforms. The circuits had either 400 stacks or 1200
stacks of three JJs spaced apart by 26 µm. The room-temperature components
are indicated in dashed boxes. The blue arrows indicate the direction of travel
of the input drive pulse.

Because the output pulsewidth is on the order of 50 ps for JJs
with ICRN = 40μV and the delay between JJs is approximately
200 fs for the circuits measured in this article, the pulses from
individual JJs blend together and form a steady-state back-
propagating waveform along the array, as shown in Fig. 3. The
backward-propagating pulse waveform grows in width along
the JJ array as the drive pulse propagates to the termination, but
remains at the same steady-state amplitude. The rising edge of
this waveform begins as soon as the first JJ in the array produces
an SFQ pulse and the falling edge does not occur until almost
twice the total array propagation delay; the drive pulse must first
reach the final JJ and then the pulse generated by this JJ has to
travel backward to the beginning of the array.

V. CIRCUIT DESIGNS FOR PULSE PROPAGATION

COMPARISON MEASUREMENTS

In order to verify the analytical description of pulse prop-
agation described above, a set of forward-propagating and
backward-propagating pulse circuits were fabricated for experi-
mental measurements. The goal of the experiments was to mea-
sure single output pulse waveforms and observe the differences
in p(t) with the two different measurement configurations. For
the purpose of these measurements, the spacing between JJ
stacks was increased to 26μm (corresponding to a delay between
stacks of td ≈ 200 fs) so that differences in forward-propagating
and backward-propagating output pulsewidths could be more
easily measured. Two different array lengths were also measured
to confirm the linear dependence of the pulse broadening on
array length. One pair of circuits used 400 stacks of three JJs,
for a total count of NJJ = 1200 and a one-way array propagation
delay, including routing bends, of approximately 83 ps. The
second pair of circuits used 1200 stacks of three JJs, for a total
count of NJJ = 3600 and a total one-way propagation delay of
approximately 250 ps.

The schematics for the pair of test circuits are shown in Fig. 4.
As shown in this figure, the backward-propagating circuit layout
included an on-chip 50 Ω array termination resistor, while all
50Ω resistors were located off-chip for the forward-propagating
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Fig. 5. Layout of forward-propagating waveform measurement circuit with
an array of 3600 JJs grouped into vertical stacks of 3 JJs per stack spaced apart
by 26 µm. The RF input and output lines and dc bias lines are also indicated.

circuit design. The physical layout for the forward-propagating
measurement circuit with 3600 JJs (1200 JJ stacks) is shown in
Fig. 5. All of the arrays also included inductively-filtered bias
taps such that dc bias currents could be applied across the array.
Typically, RF-JAWS circuits also include frequency-selective
filters arranged in a reflectionless filter configuration [8], [9] to
separate the input drive frequency content from the synthesized
signal frequency content while maintaining 50 Ω impedance
matching. However, all filters were removed for the circuit
designs used in this article to allow the broadband output pulse
waveforms to be measured. The removal of the reflectionless fil-
ter configuration required that a three-way unfiltered microwave
tee be included in the backward-propagating pulse circuit design,
as shown in Fig. 4. The microwave tee presents an effective
25 Ω impedance to signals arriving from any of its three 50 Ω
ports and, therefore, has a nonzero reflection coefficient and
a nonunity transmission coefficient. It was thus expected that
only 2

/
3 of the backward-propagating JJ-synthesized waveform

amplitude would be measured across the load of the DUT for this
circuit, while the remaining third would be reflected back to the
JJ array and terminated by the on-chip 50 Ω array termination
resistor.

VI. EXPERIMENTAL METHODS

The output pulse waveforms were measured with a 50 GHz
bandwidth sampling oscilloscope. A zero-compensation [27]
input pulse shape with center lobe pulsewidth of approximately
50 ps was used to drive the output pulses from the JJs. The
broadband input drive pulse also reaches the oscilloscope, and
this “feedthrough” signal from the input pulses is much larger
than the JJ-synthesized output pulse signal. In order to subtract
the input drive pulse feedthrough, the bias current Idc was set to
a value such that the combination of input drive pulse and input
dc current would not drive any quantized pulses from the JJs
in the array (n = 0 output state). Under these bias conditions,
a baseline measurement was taken of the circuit output in the
presence of the full input drive signal. Next, the input drive
was not changed but Idc was set to an operational value within
the range for generating single quantized pulses (n = 1 output
state) and the circuit output was again measured. The generated
quantized pulse signal was recovered by subtracting the initial

Fig. 6. Measured waveforms from the n= 0 and n= 1 output states with the
3600-JJ forward-propagating broadband measurement circuit. The majority of
the signal is input drive feedthrough, and the difference between the traces is
due to the net quantized output pulse from the JJs.

n = 0 measurement result from the second n = 1 measure-
ment result. This measurement and subtraction sequence was
repeated 400 times and was averaged to reduce measurement
noise. The relative magnitude of the difference signal compared
to the total output signal is shown in Fig. 6 for the 3600-JJ
forward-propagating circuit. As shown in the figure, the peak
magnitude of the difference signal is less than 15% of the peak
input pulse feedthrough signal magnitude for this circuit.

VII. EXPERIMENTAL RESULTS

The measured quantized pulse traces from the two circuit
configurations with 1200 JJs are shown in Fig. 7(a) and (b).
The forward-propagating pulse waveform had a peak measured
amplitude of approximately 28 mV and a pulsewidth of approx-
imately 40 ps, while the backward-propagating pulse waveform
was extended to a pulsewidth of approximately 180 ps with a
reduced amplitude of 6 mV. Next, the measured pulse traces
from the two circuit configurations with 3600 JJs are shown in
Fig. 7(c) and (d). In this case, with the number of JJs and corre-
sponding array length increased by a factor of three, the forward-
propagating waveform retained nearly the same pulsewidth of
40 ps as the 1200-JJ circuit output pulses but grew in amplitude
by a factor of approximately three to a peak amplitude of 85 mV.
In contrast, the backward-propagating waveform retained nearly
the same peak amplitude as the 1200-JJ circuit but instead grew
in pulsewidth by a factor of approximately 3–520 ps.

WRspice1 [28] simulations of the two circuit configurations
are also shown in Fig. 7; a reasonable match was observed
between simulations and experimental data. The JJ output pulses
were simulated in WRspice using a resistively and capacitively
shunted JJ model and did not assume the simple Gaussian
pulse shape shown in Fig. 3. The WRspice simulations used
the measured oscilloscope traces of the input pulses to drive, in

1Specific software products are identified in order to adequately specify the
simulation procedure. Such identification does not imply recommendation or
endorsement by NIST, nor does it imply that the software identified is necessarily
the best available for the purpose.
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Fig. 7. (a) Measured and simulated backward-propagating pulse waveforms
from the 1200-JJ RF-JAWS circuits. (b) Measured and simulated forward-
propagating pulse output waveforms from the 1200-JJ RF-JAWS circuits.
(c) Measured and simulated backward-propagating pulse waveforms in the 3600-
JJ RF-JAWS circuits. The measured pulsewidth increased from approximately
180 ps to approximately 520 ps when the array length was increased by a factor of
three. (d) Measured and simulated forward-propagating pulse waveforms from
the 3600-JJ RF-JAWS circuits. The measured peak pulse waveform amplitude
increased from 28 to 85 mV when the JJ array length was increased.

simulation, series-connected arrays of JJs in both the forward-
propagating and backward-propagating circuit configurations.
In the simulations, each stack of JJs was separated from adjacent
stacks by a short transmission line segment with Z0 = 50 Ω
and td = 200 fs. The JJs were simulated using IC = 8 mA

and ICRN = 40 μV, which were close to the measured values
for the JJs used in experiments. The overall amplitude of the
input drive pulses was left as a free simulation parameter; this
parameter affects both the peak amplitude of the simulated
pulses and the nature of the overshoot at the end of the pulse,
and a balance between these two factors was used to best match
the simulations to the experimental measurements. Finally, just
as in the measurements, the simulations subtracted an output
waveform at the n = 0 output state from the n = 1 output state
in order to recover the simulated quantized pulses and remove
feedthrough of the input drive pulse. For the purpose of all
figures, both the measured and simulated backward-propagating
pulse waveforms were multiplied by an overall scale factor of
3
/

2 to account for the expected 2
/

3 transmission factor inherent
in the circuit design and allow a more relevant comparison with
the forward-propagating data and simulations.

The reason for the ringing in the experimental data relative to
the simulation data is most likely due to both 1) reflections at
circuit structures such as bends, taps, and launches in the array
and connectors, including the microwave input and output ports
labeled “RF input” and “RF output” in Fig. 5, and 2) multiple
reflections and standing waves on the off-chip output cabling
caused by any impedance mismatches between the output ca-
bling and the measurement load. The effects of these on-chip
and off-chip reflections were not modeled in the simulations. The
slight downward slope in the simulated backward-propagating
pulse amplitudes is attributed to microwave attenuation caused
by the RN of the JJs along the length of the array, which causes
a reduced peak amplitude in the JJ pulses generated later in time
via two physical mechanisms. First, as was briefly mentioned in
Section II, the input drive pulses experience dissipation from the
finite shunt resistance RN of JJs along the array and, therefore,
have higher peak current at the beginning of the array compared
to the peak current at the end of the array. Input pulses with
higher peak current drive lead to output JJ pulses with slightly
narrower pulsewidth and higher peak voltage, and these sharper
output pulses reach the load of the DUT earlier in time with the
backward-propagating circuit configuration. As time progresses,
the output JJ pulses that reach the load of the DUT have slightly
wider pulsewidth and lower peak voltage. Second, the quantized
output pulses at the end of the array experience peak voltage
attenuation, that is, low pass filtering, while traveling backwards
through other JJs to the load of the backward-propagating circuit
DUT, which exacerbates the asymmetry in simulated voltage
amplitude from start to end of the backward-propagating pulse.

Similar effects explain why the simulated pulse amplitude
for the forward-propagating circuit does not increase by a full
factor of three when the number of JJ changes from 1200 to
3600. According to simulation, there is also peak attenuation of
the forward-propagating pulses as they travel down longer arrays
due toRN of the JJs in the array. The ratio of the peak amplitudes
in the simulations is not reproduced in the measurement because
the peak attenuation is dominated by the output cabling and SMA
connectors and is similar for both array lengths.

It should be noted that, although the theoretical integrated
area of the pulses produced by the JJ array is equal to NJJΦ0, the
measured pulse areas reported in this article are not expected to
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be exactly NJJΦ0

/
2 because the pulse splitting in the array, as

well as the external transfer function to the output measurement
system, are not fully calibrated. The measured pulse areas are
also sensitive to any small dc offset in the oscilloscope measure-
ments. Regardless, after accounting for the 2

/
3 transmission

factor of the backward-propagating circuit configuration and
subtracting the approximate oscilloscope offset determined from
the initial quiescent portions of the measured pulse waveforms,
the pulse areas are found to match the expected quantized values
to within ±10%. It is also worth emphasizing that although the
output transfer function and resulting measured pulse areas were
not fully calibrated, we nonetheless verified a stable operating
range over which the measured pulse areas were invariant with
respect to changes in input bias parameters. Within this range, the
JJ array was producing a constant numbern = 1 of output pulses
per JJ per input bias pulse and was, therefore, considered to be
quantum-locked to the input pulse drive [9], [16], [17]. In the fu-
ture, performing quantum-based measurements using RF-JAWS
systems will require both a quantum-locked system and a fully
calibrated transfer function between the JJ arrays and the DUTs.

VIII. DISCUSSION

The shape of the output pulses in the RF-JAWS circuits
directly affects the error in the fundamental tone power of the
output waveforms [9], [12]. As discussed in Section II, the
RF-JAWS output waveforms are a time-domain convolution of
a digital waveform encoding with the single-pulse array output
waveform. Using the mapping from time-domain convolution to
frequency-domain multiplication, the spectrum of the RF-JAWS
synthesized output waveforms is therefore given by

VJJ(f) = P (f)W (f) (3)

where VJJ(f) is the Fourier transform of the full output wave-
form, P (f) is the Fourier transform of each array output pulse,
and W (f) is the calculable Fourier transform of the digital
encoding. The quantized area of each output pulse ensures that
the dc component P (0) is quantized

P (0) = Φ0NJJ
/
(2T ) (4)

where NJJ was previously defined as the number of JJs in the
array, T is the clock period used for driving the RF-JAWS
system with the input code, and the factor of two is based
on the assumption that the quantized pulses from individual
JJ stacks split as described above and are measured either in
the forward-propagating or backward-propagating mode. While
(4) always provides a calculable definition of P (0) regardless
of pulse shape, the value of P (f) at any nonzero frequency
deviates from the quantized dc value, and the nature of this
deviation depends on the pulse shape. The error in output
power due to a particular pulse Fourier transform P (f) is
calculated as [P (f)2 − P (0)2]/P (0)2. We also note that the
phase of P (f) varies with frequency and this dependence could
become a source of error for wideband RF-JAWS applica-
tions, where the relative phase between synthesized tones is
important. The measured frequency-dependent phase of P (f)

is directly affected by dispersion in the JJ array and out-
put transmission lines. Furthermore, both the magnitude and
phase of P (f) are indirectly affected by dispersion in the
input drive transmission path, altering the shape of the in-
put drive pulses and, therefore, the output response pulses of
the JJs.

In the case of the forward-propagating RF-JAWS circuit, it
has been shown that the measured pulse shape remains narrow in
time regardless of array length and is limited by the characteristic
frequency of JJs in the RF-JAWS circuits. The JJs used in these
experiments with ICRN = 40 μV have characteristic frequency
of approximately 20 GHz, and the deviation between P (f) and
P (0) is small until f approaches this characteristic frequency
[9], [12]. To further reduce the error between P (f) and P (0) at
a given frequency, the characteristic frequency of the JJs could
be increased.

In contrast, in the case of the backward-propagating RF-JAWS
measurement configuration, the pulse shape continues to widen
as array length increases. The output pulses from the backward-
propagating RF-JAWS circuits are well-approximated by rect-
angular pulse functions with pulsewidth of 2Td, where Td is the
full array transmission delay, such that the magnitude of P (f)
is scaled by |sinc(2πfTd)| relative to P (0), where sinc(x) is
defined as sin(x)

/
(x). For a standard RF-JAWS circuit layout,

defined as 6.5 μm spacing between stacks of three JJs, with
1002 JJs and 2Td = 33 ps, the fractional error in output power of
the backward-propagating waveform due to pulsewidth broaden-
ing would therefore be equal to –0.4% at 1 GHz. For a layout with
6000 JJs and 2Td = 200 ps, the error would increase to –13%.

At sufficiently low frequencies such that f � (2πTd)
−1,

the relationship |P (f)|2 ≈ |sinc(2πfTd)|2 can be further ap-
proximated by the power series expansion for |sinc(x)|2 about
x = 0 to obtain the relationship |P (f)|2 ≈ 1− (2πfTd)

2
/
3.

The fractional error ε in JAWS backward-propagating waveform
output power at low synthesis frequencies, with corresponding
waveform period much larger than the array transmission delay
time, is therefore given by

ε ≈ (2πfTd)
2

3
. (5)

For a standard array with 12 000 JJs and 2Td = 400 ps, the
equivalent fractional voltage error ε

/
2 � 1 part in 106 (1 part

per million) for synthesis frequencies f � 2 MHz.
Therefore, only low-frequency waveforms or waveforms gen-

erated by short JJ arrays with lower transmission delay can
be measured in a backward-propagating configuration without
incurring a significant error penalty.

IX. CONCLUSION

In this article, we have shown that the output quantized-
area pulses from series-connected arrays containing NJJ JJs
only add coherently in the forward propagation direction when
the arrays are driven by an external current pulse. In partic-
ular, for the circuits presented here the forward-propagating
pulse waveforms add synchronously such that the net output
forward-propagating waveform has a pulsewidth similar to a
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single-JJ SFQ pulse but with amplitude multiplied by NJJ
/
2,

while the backward-propagating pulse waveforms are affected
by the array transmission delay and do not add synchronously.
This asymmetry between output waveforms was first postulated
based on simulation analysis and was next verified in experi-
mental measurements of output pulses from arrays of 1200 JJs
and 3600 JJs, arranged in both the forward-propagating and
backward-propagating measurement configurations. While the
forward-propagating output pulses retained the same pulsewidth
but grew in amplitude proportional to the number of JJs in the ar-
ray, the backward-propagating output pulses grew in pulsewidth
proportional to the physical length of the JJ array, but retained
approximately the same amplitude. These results indicate that
the forward-propagating pulse measurement configuration dis-
cussed in this article will be the preferable circuit design to min-
imize error due to pulse shape broadening in future RF-JAWS
circuits.
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